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T01. Interstellar Object (10 points) 

a) (5 points)  

Marking Scheme Point 

𝑚𝑉∞
2

2
=

𝑚𝑣𝑝
2

2
−

𝐺𝑚𝑀⊙

𝑟𝑝

 
 

1 

𝑚𝑝𝑉∞ = 𝑚𝑟𝑝𝑣𝑝  1 

𝑝2𝑉∞
2

𝑟𝑝
2

−
2𝐺𝑀⊙

𝑟𝑝

− 𝑉∞
2 = 0  

 
1 

𝑟𝑝 =
𝑝2𝑉∞

2

𝐺𝑀⊙ + √𝐺2𝑀⊙
2 + 𝑝2𝑉∞

4
 

 
1 

𝑟𝑝 = 5.05 × 1010 m  1 

b) (2 points)  

Marking Scheme Point 

(
𝐿⊙

4𝜋𝑟𝑝
2

) 𝜋𝑅ISO
2 = 4𝜋𝑅ISO

2 𝜎𝑇4  
 

1 

𝑇 = (
𝐿⊙

16𝜋𝜎𝑟𝑝
2

)

1
4

= 4.8 × 102 K  
 

0.5 

Yes 0.5 

c) (3 points)  

Marking Scheme Point 

∆𝑚 = 2.5log10 (
𝐹max

𝐹min

)  
 

1 

𝐹max

𝐹min

=
𝑎

𝑏
 

 
1 
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𝑎

𝑏
= 10∆𝑚/2.5 = 6.3  

 
1 

T02. Oscillating Around a Lagrange Point (10 points) 

a) (5 points)  

Marking Scheme Point 

𝛿1𝑚1 = (𝑅 − 𝛿1)𝑚2 1 

𝛿1 ≃
𝑚2

𝑚1

𝑅 
 

1 

−
𝐺𝑚1

(𝑅 − 𝛿2)2
+

𝐺𝑚2

𝛿2
2 + 𝜔2(𝑅 − 𝛿1 − 𝛿2) = 0 

 
1.5 

𝛿2 ≃ (
𝑚2

3𝑚1

)

1
3

𝑅 
 

1.5 

b) (3 points)  

Marking Scheme Point 

𝐹⃗Coriolis = −2𝑚3(𝜔⃗⃗⃗ × 𝑣⃗) = 0 and (𝐹⃗cent)𝑧 = −𝑚3[𝜔⃗⃗⃗ × (𝜔⃗⃗⃗ × 𝑟)]𝑧 = 0 
 

1 

−𝐺𝑚3𝑚1

𝑧

𝜌1
3  and − 𝐺𝑚3𝑚2

𝑧

𝜌2
3 

 
1 

d2𝑧

d𝑡2
= −𝐺𝑚1

𝑧

𝜌1
3 − 𝐺𝑚2

𝑧

𝜌2
3 

 
1 

Here:                  𝜌1 = √(𝑅 − 𝛿2)2 + 𝑧2 and 𝜌2 = √𝛿2
2 + 𝑧2  

Note: The marks can be added up if the student omits intermediate steps, 

but the net force and motion equation are correct. 

 

c) (2 points)  

Marking Scheme Point 

d2𝑧

d𝑡2
+ 𝜔𝑧

2𝑧 = 0 with 𝜔𝑧 = √
𝐺𝑚1

(𝑅 − 𝛿2)3
+

𝐺𝑚2

𝛿2
3 ≃ 2𝜔 

 
1 
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𝑇 =
2𝜋

𝜔𝑧

≃
1

2
𝑇Earth = 6 months 

 
1 

Note: The student can directly substitute the mass and length values of the 

Earth-Sun system to 𝜔𝑧 to get 𝑇 = 6 months. The marks retain.     

 

T03. Stellar Winds Launched Along Magnetic Field Lines (10 points) 

a) (2 points)  

Marking Scheme Point 

Ω0 = √
𝐺𝑀

𝑟0
3  

 

0.5 

Φgrav(𝑟, 𝑧) = −
𝐺𝑀𝑚

√𝑟2 + 𝑧2
 

 
0.5 

Φcent(𝑟) = −
1

2
𝑚Ω0

2𝑟2 
 

0.5 

Φeff(𝑟, 𝑧) = −
𝐺𝑀𝑚

√𝑟2 + 𝑧2
−

1

2
𝑚Ω0

2𝑟2 
 

0.5 

b) (5 points)  

Marking Scheme Point 

𝑟 = 𝑟0(1 + 𝑥), 𝑧 ≈ 𝑟0𝑥 tan 𝜃0 0.5 

Φgrav(𝑥) = −
𝐺𝑀𝑚

𝑟0

[1 + 2𝑥 + 𝑥2(1 + tan2 𝜃0)]−
1
2 

 
0.5 

Φgrav(𝑥) ≈ −𝑚Ω0
2𝑟0

2 [1 − 𝑥 + 𝑥2 (1 −
tan2 𝜃0

2
)] 

 
1.5 

Φcent(𝑥) = −𝑚Ω0
2𝑟0

2 (
1

2
+ 𝑥 +

1

2
𝑥2) 

 
0.5 

Φeff(𝑥) = −𝑚Ω0
2𝑟0

2 [
3

2
+ 𝑥2 (

3

2
−

tan2 𝜃0

2
)] 

 
1 

𝜃0 < 600 1 
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Note: Students can find 𝜃0 < 600 from 𝐹cent > 𝐹grav, where 𝐹cent and 𝐹grav 

are centrifugal and gravitational forces, respectively. 

 

c) (3 points)  

Marking Scheme Point 

Δ𝐿w = ∆𝑀wΩ0𝑟A
2 1 

Δ𝐿acc = ∆𝑀accΩ0𝑟0
2 1 

Δ𝐿w = Δ𝐿acc 1 

T04. Great Dimming of Betelgeuse (10 points) 

a) (2.5 points)  

Marking Scheme Point 

∆𝑚 = 0.75 1 

 

Half mark Full mark Half mark 

0.65 ≤ ∆𝑚 < 0.70 0.70 ≤ ∆𝑚 ≤ 0.80 0.80 < ∆𝑚 ≤ 0.85 
 

 

𝑘1 =
𝐹

𝐹0

= 10−
∆𝑚
2.5  

 

1 

𝑘1 = 0.50 0.5 

b) (2.5 points)  

Marking Scheme Point 

𝐹 = 0.20𝐹0 + 0.80𝐹clump 1.5 

𝑘2 =
𝐹clump

𝐹0

= 0.38 
 

1 

c) (1.5 points)  

Marking Scheme Point 

𝐹clump = 𝐹0𝑒−𝜏 1 
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𝜏 = 0.97 0.5 

d) (3.5 points)  

Marking Scheme Point 

𝜏 = 𝜌𝜅∆𝑧 1 

𝑉 = 0.80𝜋𝑅2Δ𝑧 0.5 

𝑀dust = 0.80𝜋𝑅2
𝜏

𝜅
 

 
1 

𝑀dust = 5.9 × 10−10 M⊙ 0.5 

𝑀eject = 1.2 × 10−7 M⊙ 0.5 

T05. Primordial Black Holes (10 points) 

a) (5 points)  

Marking Scheme Point 

𝜌PBH =
𝑀

4
3

𝜋𝑟S
3

 
 

1 

𝑟S =
2𝐺𝑀

𝑐2
 

 
0.5 

𝜌PBH =
3𝑐6

32𝜋𝐺3𝑀2
 

 
0.5 

𝜌c~𝜌PBH 2 

𝑀~
𝑐3𝑡

6𝐺
 

 
1 

Note:   

• If students use “=”, “≈”, or “≤” for the density relation above, the marks 

remain unchanged. 

 

• Students can write the coefficient as √3/32𝜋 or 1 instead of 1/6.  
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b) (5 points)  

Marking Scheme Point 

𝜏(𝑀) ≥ 13.8 (Gyr) 1.5 

𝑀 ≥ 1.1 × 10−19 × 𝑀⊙ 1 

𝑐3𝑡

6𝐺
≳ 1.1 × 10−19 × 𝑀⊙ 

 
1.5 

𝑡 ≳ 3.3 × 10−24 (s) 1 

Note:   

• Deduct 0.5 points if students use either “𝜏(𝑀) = 13.8 Gyr” or “𝜏(𝑀) >

13.8 Gyr”. 

 

• The above comparisons are in the same order of magnitude. Therefore, 

coefficients are not important or can be flexibly varied. 

 

T06. Solar Neutrinos: From Experimental Measurement to Core Temperature 

Modeling (20 points) 

a) (5 points)  

Marking Scheme Point 

𝑛H2O =
𝑚

𝑀H2O

=
5.0 × 107

18 × 10−3
≈ 2.8 × 109 mol 

 
0.5 

𝑁H2O = 𝑛H2O × 𝑁A = (2.8 × 109) × (6.022 × 1023)

≈ 1.7 × 1033 molecules 

 

0.5 

𝑁e = 𝑁H2O × 10 = (1.7 × 1033) × 10 = 1.7 × 1034 electrons 1 

𝑁ν = 𝛷𝑁e𝜎𝜂𝑡 2 

𝑁ν = (5.1 × 106) × (1.7 × 1034) × (1.0 × 10−44) × 0.445 × 86400

≈ 33 events 

 

1 

b) (6 points)  
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Marking Scheme Point 

𝛾min =
𝑛

√𝑛2 − 1
 

 
1 

𝐾Cherenkov = (
𝑛

√𝑛2 − 1
− 1) 𝑚e𝑐2 = (

1.33

√1.332 − 1
− 1) × 0.511 = 0.264 MeV 

 
1 

𝐾e,max =
2𝐸ν

2

𝑚e𝑐2 + 2𝐸ν

 
 

1 

𝐾e,max = 𝐾Cherenkov 1 

2𝐸ν
2 − 0.528𝐸ν − 0.135 = 0 1 

𝐸ν,min ≈ 0.423 MeV 1 

c) (9 points)  

Marking Scheme Point 

𝑅 + Δ𝑅 = 𝑅(𝑇 + Δ𝑇) = 𝑅0𝑒−𝐵(𝑇+Δ𝑇)−1/3
 

 
1 

1 +
Δ𝑅

𝑅
= 𝑒

−𝐵𝑇−1/3[(1+
Δ𝑇
𝑇

)
−1/3

−1]
 

 
1 

ln (1 +
Δ𝑅

𝑅
) = −𝐵𝑇−1/3 [(1 +

Δ𝑇

𝑇
)

−1/3

− 1] 
 

1 

ln (1 +
Δ𝑅

𝑅
)  ≈  

Δ𝑅

𝑅
 

 
0.5 

[(1 +
Δ𝑇

𝑇
)

−1/3

− 1] ≈ (1 −
1

3

Δ𝑇

𝑇
) − 1 = −

1

3

Δ𝑇

𝑇
 

 
0.5 

Δ𝑅

𝑅
≈ −𝐵𝑇−1/3 (−

1

3

Δ𝑇

𝑇
) ⟹

Δ𝑅

𝑅
≈ (

1

3
𝐵𝑇−1/3)

Δ𝑇

𝑇
⟹ 𝛼 =

1

3
𝐵𝑇−1/3 

 
1 
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Note: If a student correctly determines 𝛼 by taking the derivative of 

𝑅(𝑇), give 5 points. 

d𝑅

d𝑇
= 𝑅0 exp(−𝐵𝑇−1/3) ⋅ (−𝐵) ⋅ (−

1

3
) 𝑇−4/3

= 𝑅(𝑇) ⋅
𝐵

3
𝑇−4/3 (2 points) 

Δ𝑅 ≈
d𝑅

d𝑇
 Δ𝑇 = 𝑅 ⋅

𝐵

3
𝑇−4/3 Δ𝑇 (1 point) 

Δ𝑅

𝑅
≈

𝐵

3
𝑇−4/3 Δ𝑇 =

𝐵

3𝑇1/3
⋅

Δ𝑇

𝑇
 (1 point) 

𝛼 =
1

3
𝐵𝑇−1/3 (1 point) 

 

 

Δ𝑅

𝑅
=

Δ𝛷

𝛷
=

Δ𝑁ν

𝑁ν

= 2% = 0.02 
 

2 

𝛼 =
1

3
𝐵𝑇−

1
3 =

17757

3 × (1.5 × 107)
1
3

≈ 24 
 

1 

Δ𝑇

𝑇
=

Δ𝑅

𝑅

1

𝛼
=

0.02

24
≈ 0.083% 

 
1 

Note: If a student bypasses the algebraic linearization proof and directly 

substitutes the numerical constants and 
Δ𝑅

𝑅
= 0.02 into the original 

unapproximated exponential ratio equation to solve for 
Δ𝑇

𝑇
 numerically, 

award 4 points provided they correctly calculate 
Δ𝑇

𝑇
≈ 0.083%. 

 

T07. Zenith Blind Spot (15 points) 

a) (4 points)  

Marking Scheme Point 

sin(90 − 𝛿)

sin 𝐴
= −

sin 𝑧

sin 𝐻
⟹ sin 𝐴 sin 𝑧 = − sin 𝐻 cos 𝛿 

 
1 
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cos 𝐴 sin 𝑧
d𝐴

d𝑡
+(sin 𝐴 cos 𝑧)

d𝑧

d𝑡
= − (cos 𝐻 cos 𝛿)

d𝐻

d𝑡
 

 
1 

At transit: 𝐻 = 0 ⟹ cos 𝐻 = 1;  𝐴 = 0 ⟹ cos 𝐴 = 1 and sin 𝐴 = 0 1 

d𝐻

d𝑡
= 𝜔⊕; sin 𝑧

d𝐴

d𝑡
= −𝜔⊕ cos 𝛿 ⟹ 𝜔𝐴 =  

d𝐴

d𝑡
 = −𝜔⊕

cos 𝛿

sin 𝑧
 

 
1 

b) (4 points)  

Marking Scheme Point 

𝑧min = |𝜙 − 𝛿| = |21.00° − 21°08′33″| = 513″  1 

𝜔𝐴 = 1.0 ° s⁄ , 𝜔⊕ = 15°/hr = 0.00417°/s. 1 

𝑧limit  ≈ 802′′ 1 

Yes 1 

c) (3 points)  

Marking Scheme Point 

𝐿 = 2√𝑧limit
2 − 𝑧min

2 = 2√8022 − 5132 = 1233′′ 
 

1 

𝑣star = 𝜔⊕ cos 𝛿 = 15′′/s × cos(21°08′33″) = 13.99′′/s 1 

Δ𝑡 =
𝐿

𝑣star

=
1233′′

13.99′′/s
= 88 s 

 
1 

d) (4 points)  

Marking Scheme Point 

sin 𝑧limit ∝ cos 𝛿 1 

sin 𝑧limit ∝ cos 𝜙 1 

𝜙max ~ 0° 1 

𝜙min = ±90° 1 
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T08. Evolved Star Spirals (25 points) 

Part 1 (10 points) 

a) (2 points)  

Marking Scheme Point 

∆𝑟arm[au] = ∆𝜃[arcsec] × 𝑑[pc] = 2.29 × 1000 = 2290 1 

𝑏 =
∆𝑟arm

2𝜋
=

2290

2𝜋
≈ 364 au rad−1 

 
1 

b) (4 points)  

Marking Scheme Point 

𝑟(𝑡) = 𝑟𝑝 + 𝑉𝑤𝑡 1 

𝜙(𝑡) =
𝑉𝑝

𝑟𝑝

𝑡 
 

1 

𝑟(𝑡) = 𝑟𝑝 +
𝑟𝑝𝑉𝑤

𝑉𝑝

𝜙(𝑡) 
 

1 

𝑟 = 𝑟𝑝 +
𝑟𝑝𝑉𝑤

𝑉𝑝

𝜙 
 

1 

c) (2 points)  

Marking Scheme Point 

𝑇 =
2𝜋𝑟𝑝

𝑉𝑝

=
2𝜋𝑏

𝑉𝑤

 
 

1 

𝑇 =
2𝜋 × 364

2.95
≈ 775 yr 

 
1 

d) (2 points)  

Marking Scheme Point 

𝑑3 = 𝑀tot𝑇2 1 
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𝑑 = √𝑀tot𝑇23
= √6.6 × 77523

≈ 158 au 
 

1 

Part 2 (15 points):  

a) (6 points)  

Marking Scheme Point 

𝑥 = 𝑟 sin 𝜃 cos 𝜙 =
𝑟𝑝𝑉𝑤

𝑉𝑝

𝜙 sin 𝜃 cos 𝜙 
 

1.5 

𝑦 = 𝑟 sin 𝜃 sin 𝜙 =
𝑟𝑝𝑉𝑤

𝑉𝑝

𝜙 sin 𝜃 sin 𝜙 
 

1.5 

𝑧 = 𝑟 cos 𝜃 =
𝑟𝑝𝑉𝑤

𝑉𝑝

𝜙 cos 𝜃 
 

1.5 

𝑉𝑥 = 𝑉𝑤 sin 𝜃 cos 𝜙 0.5 

𝑉𝑦 = 𝑉𝑤 sin 𝜃 sin 𝜙 0.5 

𝑉𝑧 = 𝑉𝑤 cos 𝜃 0.5 

b) (7 points)  

Marking Scheme Point 

𝑉los = 𝑉𝑦 sin 𝑖 − 𝑉𝑧 cos 𝑖 = 𝑉𝑤(sin 𝜃 sin 𝜙 sin 𝑖 − cos 𝜃 cos 𝑖) 2 

sin 𝜃 sin 𝜙 sin 𝑖 = cos 𝜃 cos 𝑖 1 

𝑋 = 𝑥 = 𝑟 sin 𝜃 cos 𝜙 1 

𝑌 = 𝑦 cos 𝑖 + 𝑧 sin 𝑖 = 𝑟(sin 𝜃 sin 𝜙 cos 𝑖 + cos 𝜃 sin 𝑖) 1 

𝑌 = 𝑟 sin 𝜃 sin 𝜙 (cos 𝑖 + tan 𝑖 sin 𝑖) =
𝑟 sin 𝜃 sin 𝜙

cos 𝑖
 

 
1 

𝑋2

(𝑟 sin 𝜃)2
+

𝑌2

(
𝑟 sin 𝜃
cos 𝑖

)
2 = 1 

 
1 

c) (2 points)  
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Marking Scheme Point 

Axial ratio =
1

cos 𝑖
 

 
1 

1

cos 𝑖
= 1.1 ⇒ 𝑖 ≈ 24.6° 

 
1 

T09. Gravitational Lensing and Delay (20 points) 

Part 1 (15 points) 

a) (2 points)  

Marking Scheme Point 

𝑧 =
∆𝜆

𝜆
≃

∆𝑉

𝑐
 

 
0.5 

∆𝑉 = 𝐻0𝑑 0.5 

𝑑𝑆 =
0.406𝑐 

𝐻0

= 1800 Mpc 
 

0.5 

𝑑𝐿 =
0.042𝑐 

𝐻0

= 190 Mpc 
 

0.5 

Note: If students then calculate the angular diameter distance as 

d/(1+z) they should also receive full points. 

 

b) (3 points)  

Marking Scheme Point 

𝜃𝑑𝑆 = 2𝛼𝑑𝐿𝑆 1 

𝜃𝑑𝐿 = 𝑏 1 

𝜃 = √
2𝑅∗𝑑𝐿𝑆

𝑑𝐿𝑑𝑆

= √
2𝑅∗(𝑑𝑆 − 𝑑𝐿)

𝑑𝐿𝑑𝑆

 

 

1 

Note: If students include the minus sign in their answer, deduct 0.5 points.    

c) (3 points)  
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Marking Scheme Point 

𝑏 = 2.3 kpc 1 

𝑅∗ =
2𝐺𝑀

𝑐2
 

 
0.5 

𝑀 =
𝑅∗𝑐2

2𝐺
=

𝜃2𝑑𝐿𝑑𝑆

2𝑑𝐿𝑆

𝑐2

2𝐺
 

 
0.5 

𝑀 = 1.6 × 1011 M⊙ 1 

d) (7 points)  

Marking Scheme Point 

𝑥 = 𝑏’ − 𝑏 + 𝜀  1 

2𝛼’𝑑𝐿𝑆 = (𝜃’ +
𝜀

𝑑𝐿

) 𝑑𝑆  
 

0.5 

2𝛼’ =
2𝑅∗

𝜃’𝑑𝐿

 
 

0.5 

𝜃’

𝜃
+

𝜀

𝑏
=

𝜃

𝜃’
 or 

𝑏’

𝑏
+

𝜀

𝑏
=

𝑏

𝑏’
  

 
1 

𝑥 =
𝜀

2
 

 
2 

𝑥’ =
𝜀

2
 

 
1 

Δ𝜃 =
𝜀

2𝑑𝐿
 

 
1 

Part 2 (5 points) 

a) (2 points)  

Marking Scheme Point 

𝑏 = 𝑅⊙ 0.5 
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2𝛼 =
2𝑅∗

𝑏
=

2𝑅∗

𝑅⊙

 
 

0.5 

𝑅∗ =
2𝐺𝑀⊙

𝑐2
= 2.95 km (~3 km) 

 
0.5 

2𝛼 =
2 × 2.95

6.96 × 105
= 0.85 × 10−5[rad] = 1.75 [arcsec] 

 
0.5 

(1.75 – 1.78 arcsec for full mark)  

b) (3 points)  

Marking Scheme Point 

𝛿 = ∫
2𝛼

𝑐
d𝑅

𝑑⊙

𝑅⊙

 
 

1 

𝛿 = ∫
2𝑅∗

𝑐𝑅
d𝑅

𝑑⊙

𝑅⊙

=
2𝑅∗

𝑐
∫

1

𝑅
d𝑅

𝑑⊙

𝑅⊙

 
 

0.5 

𝛿 =
2𝑅∗

𝑐
ln (

𝑑⊙

𝑅⊙

) 
 

1 

𝛿 =
2 × 2.95

3 × 105 
ln (

1.496 × 108

6.96 × 105
) = 106 μs 

 
0.5 

Note: If students integrate from the solar radius  𝑅⊙ to any R’ < 1 au, 

they will also receive full credit. 

 

T10. The Chevallier-Polarski-Linder Parametrization for Dynamical Dark 

Energy (20 points) 

a) (5 points)  

Marking Scheme Point 

d𝜌DE

𝜌DE

= −3(1 + 𝑤DE)
d𝑎

𝑎
 

 
1 

d𝜌DE

𝜌DE

= 3[1 + 𝑤DE(𝑧)]
1

1 + 𝑧
d𝑧 

 
1 
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∫
d𝜌′

DE

𝜌′
DE

𝜌DE

𝜌DE,0

= ∫
3[1 + 𝑤DE(𝑧′)]

1 + 𝑧′
d𝑧′

𝑧

0

 
 

1 

ln (
𝜌DE

𝜌DE,0

) = ∫
3[1 + 𝑤DE(𝑧′)]

1 + 𝑧′
d𝑧′

𝑧

0

 
 

1 

𝜌DE(𝑧) = 𝜌DE,0 exp [∫
3[1 + 𝑤DE(𝑧′)]

1 + 𝑧′
d𝑧′

𝑧

0

] 
 

1 

b) (5 points) 

Marking Scheme Point 

d𝜌m

𝜌m

=
3

1 + 𝑧
d𝑧 

 
1 

∫
d𝜌′

m

𝜌′
m

= ∫
3

1 + 𝑧′
d𝑧′

𝑧

0

𝜌m

𝜌m,0

 
 

1 

𝜌m = 𝜌m,0(1 + 𝑧)3 1 

𝐻2

𝐻0
2 =

8𝜋𝐺

3𝐻0
2 {𝜌m,0(1 + 𝑧)3 + 𝜌DE,0exp ∫

3[1 + 𝑤DE(𝑧′)]

1 + 𝑧′
d𝑧′

𝑧

0

} 
 

1 

𝐸2(𝑧) = Ωm,0(1 + 𝑧)3 + ΩDE,0exp {∫
3[1 + 𝑤DE(𝑧′)]

1 + 𝑧′
d𝑧′

𝑧

0

} 
 

1 

Note: Students can directly write down the formula of  

𝜌m without derivations.  The marks remain unchanged. 

 

c) (5 points)  

Marking Scheme Point 

𝐸2(𝑎) = Ωm,0𝑎−3 + ΩDE,0exp {− ∫
3[1 + 𝑤DE(𝑎′) ]

𝑎′

𝑎

1

d𝑎′} 
 

1 

𝐸2(𝑎) = Ωm,0𝑎−3 + ΩDE,0 𝑒3𝑤𝑎(𝑎−1) 𝑎−3[1+(𝑤0+𝑤𝑎)] 3 

𝐸2(𝑧) = Ωm,0(1 + 𝑧)3 + ΩDE,0 𝑒−
3𝑤𝑎𝑧
1+𝑧 (1 + 𝑧)3[1+(𝑤0+𝑤𝑎)] 

 
1 
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Note: Students can directly compute 𝐸(𝑧) by substituting 𝑎 = 1/(1 + 𝑧) 

into 𝑤DE. The marks remain unchanged. 

 

d) (5 points)  

Marking Scheme Point 

Ωm,0(1 + 𝑧)3 ≫ ΩDE,0 𝑒−
3𝑤𝑎𝑧
1+𝑧 (1 + 𝑧)3[1+(𝑤0+𝑤𝑎)] 

 
2 

Ωm,0(1 + 𝑧)3

ΩDE,0 𝑒−3𝑤𝑎(1 + 𝑧)3[1+(𝑤0+𝑤𝑎)]
≫ 1 

 
1 

(1 + 𝑧)3

(1 + 𝑧)3[1+(𝑤0+𝑤𝑎)]
≫ 1 

 
1 

𝑤0 + 𝑤𝑎 < 0 1 

T11. Physics of Jupiter’s Interior (50 points) 

Part 1 (23 points):  

a) (6 points)  

Marking Scheme Point 

d𝑃 = −𝜌𝑍𝑔d𝑟  2 

𝑔 =
4

3
𝜋𝐺𝜌𝑍𝑟  

 
1 

d𝑃 = −
4

3
𝜋𝐺𝜌𝑍

2𝑟d𝑟  
 

1 

𝑃 = −
2

3
𝜋𝐺𝜌𝑍

2𝑟2 + 𝑃𝑂  
 

1 

𝜌𝑍 =
1

𝑅𝐶

√
3(𝑃𝑂 − 𝑃𝐶)

2𝜋𝐺
= 1.43 × 104 kg m−3  

 

1 

b) (6 points)  
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Marking Scheme Point 

𝜌𝐻(𝑅𝐽) =
𝐴

𝑅𝐽

cos (
𝑅𝐽

𝑅
+ 𝜑) = 0  

 
1 

𝜌𝐻(𝑅𝐶) =
𝐴

𝑅𝐶

cos (
𝑅𝐶

𝑅
+ 𝜑) = √

𝑃𝐶

𝐾
 

 

1 

𝐴 =
𝑅𝐶

cos (
𝑅𝐶 − 𝑅𝐽

𝑅
+

𝜋
2

)

√
𝑃𝐶

𝐾
 

 

1 

𝜑 =
𝜋

2
−

𝑅𝐽

𝑅
 

 
1 

𝐴 = 9.46 × 1010 kg m−2  1 

𝜑 = −1.54 rad  1 

Note: If the numerical value of the amplitude factor A is fall in a range of 

9.46 × 1010 to 9.53 × 1010 kg m-2, the marks remain unchanged. 

 

c) (8 points)  

Solution Point 

The density profile  

⦁ For the dense core:  

- Plot two critical points at (0, 𝜌𝑍) and (𝑅𝐶 , 𝜌𝑍).  1 

- Plot a straight line passing through these points. 0.5 

⦁ For the fluid envelope:   

- Plot two critical points at (𝑅𝐶 , 𝜌𝐻(𝑅𝐶)) and (𝑅𝐽 , 0). 1 

- Plot at least two additional points between 𝑟 = 𝑅𝐶  and 𝑟 =

𝑅𝐽 using 𝜌𝐻 =
𝐴

𝑟
cos (

𝑟

𝑅
+ 𝜑). 

 

1 

- Plot an appropriate smooth curve passing through these points. 0.5 
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Note: It is optional to plot a straight line passing through two critical 

points (𝑅𝐶 , 𝜌𝑍) and (𝑅𝐶 , 𝜌𝐻(𝑅𝐶)). 

 

 

 

The pressure profile  

⦁ For the dense core:  

Plot two critical points at (0, 𝑃𝑂) and (𝑅𝐶 , 𝑃𝐶). 1 

⦁ For the fluid envelope:  

- Plot one critical point at (𝑅𝐽 , 0). 0.5 

- Plot at least two additional points between 𝑟 = 𝑅𝐶  and 𝑟 = 𝑅𝐽 using 

𝑃 = 𝐾𝜌𝐻
2 . 

 

1 
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⦁ Graph finalization:  

- Plot one more point in a range 0 ≤ 𝑟 ≤ 𝑅𝐶  [using Eq. (4)] or 𝑅𝐶 ≤ 𝑟 ≤

𝑅𝐽 [using 𝑃 = 𝐾𝜌𝐻
2 ] 

 

0.5 

- Plot an appropriate smooth curve passing through all the points 

representing the dense core (parabola with vertex on y-axis). 

 

0.5 

- Plot an appropriate smooth curve passing through all the points 

representing the fluid envelope.  

 

0.5 

 

 

Note: Deduct 0.5 points for each graph missing axis units.  

d) (3 points)  
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Marking Scheme Point 

𝑀𝑍 =
4

3
𝜋𝑅𝐶

3𝜌𝑍 = 6.93 × 1025 kg  
 

2 

𝑀𝐻 = 𝑀𝐽 − 𝑀𝑍 = 1.83 × 1027 kg  1 

Part 2 (27 points):  

a) (6 points)  

Marking Scheme Point 

d𝑉 = d𝑣𝑍 + d𝑣𝐻  2 

d𝑉 =
d𝑀

𝜌
, d𝑣𝑍 =

d𝑚𝑍

𝜌𝑍

, d𝑣𝐻 =
d𝑚𝐻

𝜌𝐻

 
 

1 

d𝑚𝑍 = 𝑍d𝑀, d𝑚𝐻 = (1 − 𝑍)d𝑀  1 

1

𝜌
=

𝑍

𝜌𝑍

+
1 − 𝑍

𝜌𝐻

 
 

1 

𝜌 =
𝜌𝑍√𝑃

𝑍√𝑃 + (1 − 𝑍)𝜌𝑍√𝐾
 

 
1 

b) (7 points)  

Marking Scheme Point 

𝜌 =
𝜌1 − 𝜌2

𝑅1 − 𝑅2

𝑟 +
𝜌2𝑅1 − 𝜌1𝑅2

𝑅1 − 𝑅2

, 𝑅1 ≤ 𝑟 ≤ 𝑅2   
 

1 

𝜌1 =
𝜌𝑍√𝑃1

𝑍1√𝑃1 + (1 − 𝑍1)𝜌𝑍√𝐾
= 3.39 × 103 kg m−3 

 
1 

𝜌2 =
𝜌𝑍√𝑃2

𝑍2√𝑃2 + (1 − 𝑍2)𝜌𝑍√𝐾
= 1.98 × 103 kg m−3  

 
1 

𝑀12 = ∫ 4𝜋𝑟2𝜌𝑑𝑟
𝑅2

𝑅1

 
 

1 
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𝑀12 =
𝜋

3
(𝑅2 − 𝑅1)[𝑅1

2(3𝜌1 + 𝜌2) + 𝑅2
2(𝜌1 + 3𝜌2) + 2𝑅1𝑅2(𝜌1 + 𝜌2)] 

 
2 

𝑀12 = 6.67 × 1026 kg  1 

c) (14 points)  

Marking Scheme Point 

𝑀1 + 𝑀12 + 𝑀2 = 𝑀𝐽  1 

𝑍1𝑀1 + 𝑀12
rock + 𝑍2𝑀2 = 𝑀𝑍  

 

3 

𝑀1 =
𝑀𝑍 − 𝑀12

rock − 𝑍2(𝑀𝐽 − 𝑀12)

𝑍1 − 𝑍2

 
 

1 

𝑀2 =
𝑍1(𝑀𝐽 − 𝑀12) − 𝑀𝑍 + 𝑀12

rock

𝑍1 − 𝑍2

 
 

1 

𝑀12
rock = ∫ 4𝜋𝑍𝑟2𝜌𝑑𝑟

𝑅2

𝑅1

 
 

1 

𝑍 =
𝑍1 − 𝑍2

𝑅1 − 𝑅2

𝑟 +
𝑍2𝑅1 − 𝑍1𝑅2

𝑅1 − 𝑅2

, 𝑅1 ≤ 𝑟 ≤ 𝑅2  
 

1 

𝑀12
rock =

𝜋

15
(𝑅2 − 𝑅1){[3𝑍1(4𝜌1 + 𝜌2) + 𝑍2(3𝜌1 + 2𝜌2)]𝑅1

2 

                                          +[𝑍1(2𝜌1 + 3𝜌2) + 3𝑍2(𝜌1 + 4𝜌2)]𝑅2
2 

                                                     +2(3𝑍1𝜌1 + 2𝑍2𝜌1 + 2𝑍1𝜌2 + 3𝑍2𝜌2)𝑅1𝑅2} 

 
 

 

 
3 

𝑀12
rock = 2.84 × 1025 kg  

 

1 

𝑀1 = 3.83 × 1026 kg 1 

𝑀2 = 8.50 × 1026 kg  1 

T12. Superluminous Galaxies in the Early Universe (50 points) 

Part 1 (13 points) 

a) (10 points) 
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Marking Scheme Point 

𝐸obs =
𝐸em

1 + 𝑧
 

 
2 

d𝑡obs = (1 + 𝑧)d𝑡em 2 

𝐹obs =
𝐿obs

4𝜋𝐷𝑀
2 =

𝐿

4𝜋𝐷𝑀
2 (1 + 𝑧)2

 
 

1 

𝐷𝐿 = 𝐷𝑀(1 + 𝑧) 1 

𝜃 =
𝑅(1 + 𝑧)

𝐷𝑀

 
 

2 

𝐷𝐴 =
𝐷𝑀

1 + 𝑧
 

𝐷𝐿 = 𝐷𝐴(1 + 𝑧)2 

 
1 

 

1 

b) (3 points)  

Marking Scheme Point 

𝛴obs =
𝐹obs

𝛺obs

=

𝐿
4𝜋𝐷𝐿

2

𝜋𝑅2

𝐷𝐴
2

 

 

1 

𝛴obs =
𝐿

𝜋𝑅2
∙

𝐷𝐴
2

4𝜋𝐷𝐿
2 = 𝛴int ∙

𝐷𝐴
2

4𝜋𝐷𝐿
2 

 
1 

𝛴obs =
𝛴int

4𝜋(1 + 𝑧)4
 

 
1 

Part 2 (8 points) 

Marking Scheme Point 

𝐹opt,int = 𝐹opt,obs ∙ 10
𝐴𝑉
2.5 

 
1 

𝐹opt,int = 5.72 × 10−19 × 10
2.79
2.5 = 7.47 × 10−18 W m−2 

 
1 
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𝐹bol = 𝐹opt,int ∙ 𝐵𝐶 = 7.47 × 10−18 × 9.26 = 6.92 × 10−17 W m−2 1 

𝜃rad =
0.05

3600
×

𝜋

180
= 2.424 × 10−7 rad 

 
1 

𝛺obs = 𝜋𝜃rad
2 = 1.846 × 10−13 sr 1 

𝛴obs_corr =
𝐹bol

𝛺obs

=
6.92 × 10−17

1.846 × 10−13
= 3.75 × 10−4 W m−2 sr−1 

 
1 

𝛴int_SI = 4 × 𝜋 × 4655.0 × 3.75 × 10−4 = 21.94 W m−2 1 

𝛴int =
21.94 × 9.523 × 1038

3.828 × 1026
= 5.46 × 1013 L⊙ kpc−2 

 
1 

 

Half credit lower limit Full credit range Half credit upper limit 

5.35 × 1013 L⊙ kpc−2 
5.40 × 1013 to  

5.50 × 1013L⊙ kpc−2 
5.55 × 1013L⊙ kpc−2 

  

 

Part 3 (18 points) 

a) (6 points)  

Marking Scheme Point 

𝑓 = 𝜎
𝛴int_max

𝑐
 

 
2 

𝜎 = 𝑚d𝜅dust  1 

𝑔rad =
𝑓

𝑚d

=  
𝜅dust𝛴int_max

𝑐
 

 
1 

2𝜋𝑅2𝑔𝑧 = 4𝜋𝐺𝑀tot  1 

𝑔𝑧 = 2𝜋𝐺𝛴tot 1 

b) (7 points)  

Marking Scheme Point 

𝑔rad = 𝑔𝑧 1 
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𝛴int_max =
2𝜋𝐺𝑐𝛴tot

𝜅dust

 
 

1 

𝛴Edd =
𝛴int_max

𝑘
 

 
1 

𝛴Edd =
2𝜋𝐺𝑐𝛴tot

𝑘𝜅dust

 
 

1 

𝛴tot =
2.3 × 1010 × 1.988 × 1030

9.523 × 1038
= 48.01 kg m−2 

 
0.5 

𝛴int_max =
2𝜋 × 6.674 × 10−11 × 2.998 × 108 × 48.01

1.5
= 4.02 W m−2 

 
1 

4.02 W m−2 = 1.00 × 1013 L⊙ kpc−2 0.5 

𝛴Edd =
1.00 × 1013

1010
= 1000 M⊙ yr−1 kpc−2 

 
1 

  

Half credit lower limit Full credit range Half credit upper limit 

980 990 to 1010 1020 

  

 

c) (5 points)  

Marking Scheme Point 

𝛴SFR_actual =
𝛴int

𝑘
 

 
1 

𝛴SFR_actual =
5.46 × 1013

1.0 × 1010
= 5460 M⊙ yr−1 kpc−2  

 
1 

𝛴SFR_actual

𝛴Edd

= 5.46 
 

1 

No 2 

Part 4 (11 points) 

a) (4 points)  
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Marking Scheme Point 

𝑀 =
𝑣2𝑅em

𝐺
 

 
2 

𝑀 = 4.84 × 108 M⊙ 1 

C 1 

b) (7 points)  

Marking Scheme Point 

𝐿Edd =
2𝜋𝐺𝑀𝑐

𝜅e

 
 

2 

𝛴Edd =
2𝐺𝑀𝑐

𝜅e𝑅2
≈ 37500 M⊙ yr−1 kpc−2 

 
2 

𝛴SFR_actual

𝛴Edd

=
5460

37500
= 0.15 

 
1 

Yes 2 
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      (     L ⊙  4 𝜋   r  p 2 ) 𝜋   R ISO 2 = 4 𝜋   R ISO 2 𝜎   T 4


     T =    (     L ⊙  16 𝜋 𝜎   r  p 2 )   1 4 = 4 . 8 ×  10 2   K
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    M dust = 0 . 80 𝜋   R 2   𝜏  𝜅


    M dust = 5 . 9 ×  10  − 10    M ⊙


    M eject = 1 . 2 ×  10  − 7    M ⊙


    𝜌 PBH =   M   4 3 𝜋   r S 3


    r S =   2 G M    c 2


    𝜌 PBH =   3   c 6    32 𝜋 G 3   M 2


    𝜌 c ~   𝜌 PBH


  M ~     c 3 t  6 G


  ≈


  ≤


   3 / 32 𝜋


  𝜏  ( M ) ≥ 13 . 8    ( Gyr )


  M ≥ 1 . 1 ×  10  − 19 ×   M ⊙


      c 3 t  6 G ≳ 1 . 1 ×  10  − 19 ×   M ⊙


  t ≳ 3 . 3 ×  10  − 24    ( s )


  𝜏  ( M ) = 13 . 8


  𝜏  ( M ) > 13 . 8


    n   H 2 O =   m    M   H 2 O =   5 . 0 ×  10 7  18 ×  10  − 3 ≈ 2 . 8 ×  10 9  mol


    N   H 2 O =   n   H 2 O ×   N A =  ( 2 . 8 ×  10 9 ) × ( 6 . 022 ×  10 23 ) ≈ 1 . 7 ×  10 33  molecules


    N e =   N   H 2 O × 10 =  ( 1 . 7 ×  10 33 ) × 10 = 1 . 7 ×  10 34  electrons


    N ν = 𝛷   N e 𝜎 𝜂 t


    N ν =  ( 5 . 1 ×  10 6 ) ×  ( 1 . 7 ×  10 34 ) ×  (   1 . 0 × 10  − 44 ) × 0 . 445 × 86400 ≈ 33  events


    𝛾  min =   n     n 2 − 1


    K  Cherenkov =  (   n     n 2 − 1 − 1 )   m e   c 2 =  (   1 . 33     1 . 33 2 − 1 − 1 ) × 0 . 511 = 0 . 264  MeV


    K  e , max =   2   E ν 2    m e   c 2 + 2   E ν


    K  e , max =   K Cherenkov


  2   E ν 2 − 0 . 528   E ν − 0 . 135 = 0


    E  ν , min ≈ 0 . 423  MeV


  R + Δ R = R  ( T + Δ T ) =   R 0   e  − B    ( T + Δ T )  − 1 / 3


  1 +   Δ R  R =   e  − B   T  − 1 / 3  [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ]


   ln ⁡   ( 1 +   Δ R  R ) = − B   T  − 1 / 3  [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ]


   ln ⁡   ( 1 +   Δ R  R )   ≈     Δ R  R


   [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ] ≈  ( 1 −  1 3   Δ T  T ) − 1 = −  1 3   Δ T  T


    Δ R  R ≈ − B   T  − 1 / 3  ( −  1 3   Δ T  T ) ⟹   Δ R  R ≈  (  1 3 B   T  − 1 / 3 )   Δ T  T ⟹ 𝛼 =  1 3 B   T  − 1 / 3


  𝛼


  R ( T )


    d R  d T =   R 0  exp ⁡   ( − B   T  − 1 / 3 ) ⋅  ( − B ) ⋅  ( −  1 3 )   T  − 4 / 3 = R  ( T ) ⋅   B 3   T  − 4 / 3   ( 2   points )


  Δ R ≈   d R  d T   Δ T = R ⋅   B 3   T  − 4 / 3   Δ T   ( 1   point )


  Δ R ≈   d R  d T   Δ T = R ⋅   B 3   T  − 4 / 3   Δ T   ( 1   point )


    Δ R  R ≈   B 3   T  − 4 / 3   Δ T =   B  3   T  1 / 3 ⋅   Δ T  T   ( 1   point )


    Δ R  R ≈   B 3   T  − 4 / 3   Δ T =   B  3   T  1 / 3 ⋅   Δ T  T   ( 1   point )


  𝛼 =  1 3 B   T  − 1 / 3   ( 1   point )


  𝛼 =  1 3 B   T  − 1 / 3   ( 1   point )


    Δ R  R =   Δ 𝛷  𝛷 =   Δ   N ν    N ν = 2 % = 0 . 02


  𝛼 =  1 3 B   T  −  1 3 =  17757  3 ×    ( 1 . 5 ×  10 7 )   1 3 ≈ 24


    Δ T  T =   Δ R  R  1  𝛼 =   0 . 02 24 ≈ 0 . 083 %


    Δ R  R = 0 . 02


    Δ T  T


    Δ T  T ≈ 0 . 083 %


     sin ⁡  ( 90 − 𝛿 ) ⁡   sin ⁡  A = −    sin ⁡  z   sin ⁡  H ⟹  sin ⁡  A  sin ⁡  z = −  sin ⁡  H  cos ⁡  𝛿


   cos ⁡  A  sin ⁡  z   d A  d t +  (  sin ⁡  A  cos ⁡  z )   d z  d t = −  (  cos ⁡  H  cos ⁡  𝛿 )   d H  d t


  H = 0 ⟹  cos ⁡  H = 1 ;   A = 0 ⟹  cos ⁡  A = 1   and  sin ⁡  A = 0


    d H  d t =    𝜔 ⊕ ;  sin ⁡  z   d A  d t =    − 𝜔 ⊕  cos ⁡  𝛿 ⟹   𝜔  A =     d A  d t  =    − 𝜔 ⊕    cos ⁡  𝛿   sin ⁡  z


    z min  =   | 𝜙 − 𝛿 |  =   | 21 . 00 ° − 21 ° 08 ′ 33 ″ | = 513 ″


    𝜔  A  =  1 . 0  ° s


    𝜔 ⊕ ​   =  15 ° / hr   =   0 . 00417 ° / s


    z limit


  ≈


  L = 2      z limit 2 −     z min 2 = 2   802 2 −  513 2 = 1233 ′ ′


    v star =   𝜔 ⊕  cos ⁡  𝛿 =  15  ′ ′ / s ×  cos ⁡   ( 21 ° 08 ′ 33 ″ ) =   13 . 99  ′ ′ / s


  Δ t =   L    v star =   1233 ′ ′    13 . 99  ′ ′ / s = 88   s


   sin ⁡    z limit ∝  cos ⁡  𝛿


   sin ⁡    z limit ∝  cos ⁡  𝜙


    𝜙 max   ~   0 °


    𝜙 min = ± 90 °


  ∆   r arm  [ au ] = ∆ 𝜃  [ arcsec ] × d  [ pc ] = 2 . 29 × 1000 = 2290


  b =   ∆   r arm  2 𝜋 =  2290  2 𝜋 ≈ 364   au    rad  − 1


  r  ( t ) =   r  p +   V  w t


  𝜙  ( t ) =     V  p    r  p t


  r  ( t ) =   r  p +       r  p V  w    V  p 𝜙  ( t )


  r =   r  p +       r  p V  w    V  p 𝜙


  T =   2 𝜋   r  p    V  p =   2 𝜋 b    V  w


  T =   2 𝜋 × 364  2 . 95 ≈ 775   yr


    d 3 =   M tot   T 2


  d =     M tot   T 2 3 =   6 . 6 ×  775 2 3 ≈ 158   au


  x = r  sin ⁡  𝜃  cos ⁡  𝜙 =       r  p V  w    V  p 𝜙  sin ⁡  𝜃  cos ⁡  𝜙


  y = r  sin ⁡  𝜃  sin ⁡  𝜙 =       r  p V  w    V  p 𝜙  sin ⁡  𝜃  sin ⁡  𝜙


  z = r  cos ⁡  𝜃 =       r  p V  w    V  p 𝜙  cos ⁡  𝜃


    V  x =   V  w  sin ⁡  𝜃  cos ⁡  𝜙


    V  y =   V  w  sin ⁡  𝜃  sin ⁡  𝜙


    V  z =   V  w  cos ⁡  𝜃


    V los =   V  y  sin ⁡  i −   V  z  cos ⁡  i =   V  w  (  sin ⁡  𝜃  sin ⁡  𝜙  sin ⁡  i −  cos ⁡  𝜃  cos ⁡  i )


   sin ⁡  𝜃  sin ⁡  𝜙  sin ⁡  i =  cos ⁡  𝜃  cos ⁡  i


  X = x = r  sin ⁡  𝜃  cos ⁡  𝜙


  Y = y  cos ⁡  i + z  sin ⁡  i = r  (  sin ⁡  𝜃  sin ⁡  𝜙  cos ⁡  i +  cos ⁡  𝜃  sin ⁡  i )


  Y = r  sin ⁡  𝜃  sin ⁡  𝜙  (  cos ⁡  i +  tan ⁡  i  sin ⁡  i ) =   r  sin ⁡  𝜃  sin ⁡  𝜙   cos ⁡  i


      X 2     ( r  sin ⁡  𝜃 ) 2 +     Y 2     (   r  sin ⁡  𝜃   cos ⁡  i ) 2 = 1


  Axial   ratio =  1   cos ⁡  i


   1   cos ⁡  i = 1 . 1 ⇒ i ≈   24 . 6 °


  z =   ∆ 𝜆  𝜆 ≃   ∆ V  c


  ∆ V =   H 0 d


    d  S =   0 . 406 c      H 0 = 1800   Mpc


    d  L =   0 . 042 c      H 0 = 190   Mpc


  𝜃   d  S = 2 𝛼   d  L S


  𝜃   d  L = b


  𝜃 =    2   R ∗   d  L S    d  L   d  S =    2   R ∗ (   d  S −   d  L )    d  L   d  S


  b = 2 . 3


    R ∗ =   2 G M    c 2


  M =     R ∗   c 2  2 G =     𝜃 2   d  L   d  S  2   d  L S     c 2  2 G


  M = 1 . 6 ×  10 11


   M ⊙


     x = b ’ − b + 𝜀


     2 𝛼 ’   d  L S =  ( 𝜃 ’ +   𝜀    d  L )   d  S


     2 𝛼 ’ =   2   R ∗  𝜃 ’   d  L


       𝜃 ’  𝜃 +   𝜀  b =   𝜃  𝜃 ’   or     b ’  b +   𝜀  b =   b  b ’  


     x =   𝜀 2


     x ’ =   𝜀 2


     Δ 𝜃 =   𝜀  2   d  L


  b =   R ⊙


  2 𝛼 =   2   R ∗  b =   2   R ∗    R ⊙


    R ∗ =   2 G   M ⊙    c 2 = 2 . 95   km    ( ~ 3   km )


  2 𝛼 =   2 × 2 . 95  6 . 96 ×  10 5 = 0 . 85 ×  10  − 5  [ rad ] = 1 . 75    [ arcsec ]


  𝛿 =   ∫    R ⊙    d ⊙    2 𝛼  c d R


  𝛿 =   ∫    R ⊙    d ⊙    2   R ∗  c R d R =   2   R ∗  c   ∫    R ⊙    d ⊙   1  R d R


  𝛿 =   2   R ∗  c ln  (     d ⊙    R ⊙ )


  𝛿 =   2 × 2 . 95  3 ×  10 5   ln  (   1 . 496 ×  10 8  6 . 96 ×  10 5 ) = 106   μ s


    R ⊙  


      d 𝜌 DE    𝜌 DE = − 3  ( 1 +   w DE )   d a  a


      d 𝜌 DE    𝜌 DE = 3  [ 1 +   w DE ( z ) ]  1  1 + z d z


    ∫    𝜌  DE , 0    𝜌 DE      d   𝜌 ′ DE      𝜌 ′ DE =   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′


  ln  (     𝜌 DE    𝜌  DE , 0 ) =   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′


    𝜌 DE  ( z ) =   𝜌  DE , 0  exp ⁡   [   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ ]


      d 𝜌 m    𝜌 m =  3  1 + z d z


    ∫    𝜌  m , 0    𝜌 m      d   𝜌 ′ m      𝜌 ′ m =   ∫ 0  z   3  1 +   z ′ d   z ′


    𝜌 m =   𝜌  m , 0   ( 1 + z ) 3


      H 2    H 0 2 =   8 𝜋 G  3   H 0 2  {   𝜌  m , 0   ( 1 + z ) 3 +   𝜌  DE , 0 exp   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ }


    E 2  ( z ) =  Ω  m , 0   ( 1 + z ) 3 +  Ω  DE , 0 exp  {   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ }


    𝜌 m


    E 2  ( a ) =  Ω  m , 0   a  − 3 +  Ω  DE , 0 exp  { −   ∫ 1  a    3  [ 1 +   w DE  (   a ′ )   ]    a ′ d   a ′ }


    E 2  ( a ) =  Ω  m , 0   a  − 3 +  Ω  DE , 0     e  3   w  a  ( a − 1 ) ⁡    a  − 3  [ 1 +   ( w 0 +   w  a ) ]


    E 2  ( z ) =  Ω  m , 0   ( 1 + z ) 3 +  Ω  DE , 0     e  −   3   w  a z  1 + z ⁡    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ]


  E ( z )


  a = 1 / ( 1 + z )


    w DE


   Ω  m , 0   ( 1 + z ) 3 ≫  Ω  DE , 0     e  −   3   w  a z  1 + z ⁡     ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ]


     Ω  m , 0   ( 1 + z ) 3   Ω  DE , 0     e  − 3   w  a ⁡    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ] ≫ 1


      ( 1 + z ) 3    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ] ≫ 1


    w 0 +   w  a < 0


     d P = −   𝜌  Z g d r


     g =  4 3 𝜋 G   𝜌  Z r


     d P = −  4 3 𝜋 G   𝜌  Z 2 r d r


     P = −  2 3 𝜋 G   𝜌  Z 2   r 2 +   P  O


       𝜌  Z =  1    R  C    3  (   P  O −   P  C )  2 𝜋 G = 1 . 43 ×  10 4   kg    m  − 3


       𝜌  H  (   R  J ) =   A    R  J cos  (     R  J  R + 𝜑 ) = 0


       𝜌  H  (   R  C ) =   A    R  C cos  (     R  C  R + 𝜑 ) =      P  C  K


     A =     R  C  cos  (     R  C −   R  J  R +   𝜋 2 )      P  C  K


     𝜑 =   𝜋 2 −     R  J  R


     A = 9 . 46 ×  10 10   kg    m  − 2


     𝜑 = − 1 . 54   rad


  ×


  ×


  ( 0 ,   𝜌  Z )


   (   R  C ,   𝜌  Z ) .


  (   R  C ,   𝜌  H  (   R  C ) )


  (   R  J , 0 )


  r =   R  C


  r =   R  J   using     𝜌  H =   A  r cos  (   r  R + 𝜑 )


   (   R  C ,   𝜌  Z )


  (   R  C ,   𝜌  H  (   R  C ) ) .


  ( 0 ,   P  O )


   (   R  C ,   P  C ) .


  (   R  J , 0 ) .


  r =   R  C


  r =   R  J


  P = K   𝜌  H 2 .


  0 ≤ r ≤   R  C


    R  C ≤ r ≤   R  J


  P = K   𝜌  H 2


       M  Z =  4 3 𝜋   R  C 3   𝜌  Z = 6 . 93 ×  10 25   kg


       M  H =   M  J −   M  Z = 1 . 83 ×  10 27   kg


     d V =   d v  Z +   d v  H


     d V =   d M  𝜌 ,     d   v  Z =   d   m  Z    𝜌  Z ,       d v  H =   d   m  H    𝜌  H


     d   m  Z = Z d M ,       d m  H =  ( 1 − Z ) d M


      1  𝜌 =   Z    𝜌  Z +   1 − Z    𝜌  H


     𝜌 =     𝜌  Z  P  Z  P +  ( 1 − Z )   𝜌  Z  K


     𝜌 =     𝜌 1 −   𝜌 2    R 1 −   R 2 r +     𝜌 2   R 1 −   𝜌 1   R 2    R 1 −   R 2 ,       R 1 ≤ r ≤   R 2    


    𝜌 1 =     𝜌  Z    P 1    Z 1    P 1 +  ( 1 −   Z 1 )   𝜌  Z  K = 3 . 39 ×  10 3   kg    m  − 3


       𝜌 2 =     𝜌  Z    P 2    Z 2    P 2 +  ( 1 −   Z 2 )   𝜌  Z  K = 1 . 98 ×  10 3   kg    m  − 3


       M 12 =   ∫    R 1    R 2  4 𝜋   r 2 𝜌 d r


    M 12 =   𝜋 3  (   R 2 −   R 1 )  [   R 1 2  ( 3   𝜌 1 +   𝜌 2 ) +   R 2 2  (   𝜌 1 +   3 𝜌 2 ) + 2   R 1   R 2  (   𝜌 1 +   𝜌 2 ) ]


       M 12 = 6 . 67 ×  10 26   kg


       M 1 +   M 12 +   M 2 =   M  J


       Z 1   M 1 +   M 12 rock +   Z 2   M 2 =   M  Z


    M 1 =     M  Z −   M 12 rock −   Z 2  (   M  J −   M 12 )    Z 1 −   Z 2


       M 2 =     Z 1  (   M  J −   M 12 ) −   M  Z +   M 12 rock    Z 1 −   Z 2


       M 12 rock =   ∫    R 1    R 2  4 𝜋   Z r 2 𝜌 d r


     Z =     Z 1 −   Z 2    R 1 −   R 2 r +     Z 2   R 1 −   Z 1   R 2    R 1 −   R 2 ,       R 1 ≤ r ≤   R 2


    M 12 rock =   𝜋 15  (   R 2 −   R 1 ) {  [ 3   Z 1  ( 4   𝜌 1 +   𝜌 2 ) +   Z 2  ( 3   𝜌 1 + 2   𝜌 2 ) ]   R 1 2


                                                                                      +  [   Z 1  ( 2   𝜌 1 + 3   𝜌 2 ) + 3   Z 2  (   𝜌 1 + 4   𝜌 2 ) ]   R 2 2


                                                                                      +  [   Z 1  ( 2   𝜌 1 + 3   𝜌 2 ) + 3   Z 2  (   𝜌 1 + 4   𝜌 2 ) ]   R 2 2


                                                                                                            + 2  ( 3   Z 1   𝜌 1 + 2   Z 2   𝜌 1 +   2 Z 1   𝜌 2 + 3   Z 2   𝜌 2 )   R 1   R 2 }


                                                                                                            + 2  ( 3   Z 1   𝜌 1 + 2   Z 2   𝜌 1 +   2 Z 1   𝜌 2 + 3   Z 2   𝜌 2 )   R 1   R 2 }


       M 12 rock = 2 . 84 ×  10 25   kg


    M 1 = 3 . 83 ×  10 26   kg


       M 2 = 8 . 50 ×  10 26   kg


    E obs =     E em  1 + z


    d t obs = ( 1 + z ) d   t em


    F obs =     L obs  4 𝜋   D  M 2 =   L  4 𝜋   D  M 2    ( 1 + z ) 2


    D  L =   D  M  ( 1 + z )


  𝜃 =   R  ( 1 + z )    D  M


    D  A =     D  M  1 + z


    D  L =   D  A    ( 1 + z ) 2


    D  L =   D  A    ( 1 + z ) 2


    𝛴 obs =     F obs    𝛺 obs =     L  4 𝜋   D  L 2    𝜋   R 2    D  A 2


    𝛴 obs =   L  𝜋   R 2 ∙     D  A 2  4 𝜋   D  L 2 =   𝛴 int ∙     D  A 2  4 𝜋   D  L 2


    𝛴 obs =     𝛴 int  4 𝜋    ( 1 + z ) 4


    F  opt ,   int =   F  opt , obs ∙  10      A  V  2 . 5


    F  opt ,     int = 5 . 72 ×  10  − 19 ×  10    2 . 79  2 . 5 = 7 . 47 ×  10  − 18   W    m  − 2


    F bol =   F  opt , int ∙ B C = 7 . 47 ×  10  − 18 × 9 . 26 = 6 . 92 ×  10  − 17   W    m  − 2


    𝜃 rad =   0 . 05 3600 ×   𝜋 180 = 2 . 424 ×  10  − 7   rad


    𝛺 obs = 𝜋   𝜃 rad 2 = 1 . 846 ×  10  − 13   sr


    𝛴  obs _ corr =     F bol    𝛺 obs =   6 . 92 ×  10  − 17  1 . 846 ×  10  − 13 = 3 . 75 ×  10  − 4   W    m  − 2    sr  − 1


    𝛴  int _ SI = 4 × 𝜋 × 4655 . 0 × 3 . 75 ×  10  − 4 = 21 . 94   W    m  − 2


    𝛴 int =   21 . 94 × 9 . 523 ×  10 38  3 . 828 ×  10 26 = 5 . 46 ×  10 13    L ⊙    kpc  − 2


  5 . 35 ×  10 13    L ⊙    kpc  − 2


  5 . 40 ×  10 13  


  5 . 50 ×  10 13  L ⊙    kpc  − 2


  5 . 55 ×  10 13  L ⊙    kpc  − 2


  f = 𝜎     𝛴  int _ max  c


  𝜎 =   m d   𝜅 dust


    g rad =   f    m d =       𝜅 dust   𝛴  int _ max  c


    2 𝜋   R 2 g  z =   4 𝜋 G M tot


    g  z = 2 𝜋 G   𝛴 tot


    g rad =   g  z


    𝛴  int _ max =   2 𝜋 G c   𝛴 tot    𝜅 dust


    𝛴 Edd =     𝛴  int _ max  k


    𝛴 Edd =   2 𝜋 G c   𝛴 tot  k   𝜅 dust


    𝛴 tot =   2 . 3 ×  10 10 × 1 . 988 ×  10 30  9 . 523 ×  10 38 = 48 . 01   kg    m  − 2


    𝛴  int _ max =   2 𝜋 × 6 . 674 ×  10  − 11 × 2 . 998 ×  10 8 × 48 . 01  1 . 5 = 4 . 02   W    m  − 2


  4 . 02   W    m  − 2 = 1 . 00 ×  10 13    L ⊙    kpc  − 2


    𝛴 Edd =   1 . 00 ×  10 13   10 10 = 1000    M ⊙    yr  − 1    kpc  − 2


    𝛴  SFR _ actual =     𝛴 int  k


    𝛴  SFR _ actual =   5 . 46 ×  10 13    1 . 0 × 10 10 = 5460    M ⊙    yr  − 1    kpc  − 2  


      𝛴  SFR _ actual    𝛴 Edd = 5 . 46


  M =     v 2   R em  G


  M = 4 . 84 ×  10 8    M ⊙


    L Edd =   2 𝜋 G M c    𝜅 e


    𝛴 Edd =   2 G M c    𝜅 e   R 2 ≈ 37500    M ⊙    yr  − 1    kpc  − 2


      𝛴  SFR _ actual    𝛴 Edd =  5460 37500 = 0 . 15

