THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

TO1. Interstellar Object (10 points)

a) (5 points)

Marking Scheme Point
mV2 _ muv; _ GmMg )
2 2 [
mpV, = mn,vy, 1
2y2  2GM
P e 2270 _yz=g 1
p p
ZVO(Z’
T = P 1
GMg + \/GZMé + p2V2
r, = 5.05x 10 m 1
b) (2 points)
Marking Scheme Point
Lo
1
L 4
T=(—2—] =48x102K 0.5
lémory
Yes 0.5
c) (3 points)
Marking Scheme Point
E
Am = 2.5log;, ( max) 1
Fmin
F a
max _ 1
Fmin b
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19“" @ AA EXAMINATION

THEORY Points: 250

Time: 5 hours

2= 108m25 = 6.3 1
b
TO02. Oscillating Around a Lagrange Point (10 points)
a) (5 points)
Marking Scheme Point
511711 = (R - 61)7712 1
m
61 = _ZR 1
my
e SLLC ST S B 15
(R _ 62)2 622 w ( 1 2) - '
1
m, \3
5= (3 R 15
2 3my
b) (3 points)
Marking Scheme Point
F)Coriolis = —2m; (a_)) X 1_7)) =0 and (ﬁcent)z = —ms [6 X (5 X F)]z =0 1
z z
—Gmgm; — and — Gmzm, — 1
1 2
d’z cm 2 om. 2 )
dez = M T
Here: p1 =+ (R —8,)% + z2 and p, = /62 + 72
Note: The marks can be added up if the student omits intermediate steps,
but the net force and motion equation are correct.
c) (2 points)
Marking Scheme Point
d?z " _ Gm, Gm,
F+wzz=0w1thw2= (R—52)3+ 53 ~ 2w 1
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

2t 1
T = w—z = ETEarth = 6 months 1
Note: The student can directly substitute the mass and length values of the
Earth-Sun system to w, to get T = 6 months. The marks retain.
TO03. Stellar Winds Launched Along Magnetic Field Lines (10 points)
a) (2 points)
Marking Scheme Point
Qp = i 0.5
(Vi T'03 .
Bpa(r, 7) = — A 0.5
rZzZ) = ——— :
grav rz + ZZ
1
D one(1) = —EmQ%rZ 0.5
GMm
Dop(r,2) = — —= — —mQ3r? 0.5
et Vittz2 2"
b) (5 points)
Marking Scheme Point
r=1,(1+x), Z = ryx tan 6, 0.5
GMm 1
Pgray(x) = — " [1+ 2x + x%(1 + tan? 8,)] 2 0.5
0
- X tan? 6,
Doy (x) = —mQgrg [1—x +x*(1— 5 1.5
1 1
D one(x) = —mQ3r¢ (E +x + Exz) 0.5
3 3 tan?6,
D g6(x) = —mQ3r¢ 5 + x? (E - )] 1
0, < 60° 1
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THEORY
EXAMINATION

ol Gy AR

Points: 250

Time: 5 hours

Note: Students can find 8, < 60° from F,op, > Fyrav, Where Feene and Fyray

are centrifugal and gravitational forces, respectively.

c) (3 points)

Marking Scheme Point
AL,, = AM,Qqr7 1
ALy = A1wacc-QOTO2 1
AL, = AL, 1
TO04. Great Dimming of Betelgeuse (10 points)
a) (2.5 points)
Marking Scheme Point
Am = 0.75 1
Half mark Full mark Half mark
0.65 <Am < 0.70 0.70 < Am < 0.80 0.80 < Am < 0.85
k d 10_A_m 1
= — = 2.5
k, =0.50 0.5
b) (2.5 points)
Marking Scheme Point
F = 0.20F; + 0.80Fymp 1.5
Fclump
k, =————=10.38 1
c) (1.5 points)
Marking Scheme Point
Fclump = Fpe™" 1
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THEORY
ol Gy AR

Points: 250

EXAMINATION Time: 5 hours
T =0.97 0.5
d) (3.5 points)
Marking Scheme Point
T = pkAz 1
V = 0.80R?*Az 0.5
T
Maust = 0.807TR2E 1
Mdust = 59 X 10_10 M@ 05
Meject = 1.2 X 1077 Mg, 0.5
TO05. Primordial Black Holes (10 points)
a) (5 points)
Marking Scheme Point
PPBH = 4
3 TTS
2GM
rs = CZ 0.5
3¢ 05
PPBH = 3o nG3 M2 |
Pc™~PpBH 2
M~ St 1
6G
Note:
e [f students use “=", “=”, or “<” for the density relation above, the marks
remain unchanged.
e Students can write the coefficient as /3 /32m or 1 instead of 1/6.
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THEORY Points: 250
ool Gy AA

EXAMINATION Time: 5 hours
b) (5 points)
Marking Scheme Point
(M) = 13.8 (Gyr) 1.5
M >11x10"" x Mg 1
3t>11><10‘19><M 1.5
66~ © '
t =2 3.3%x107%*(s) 1

Note:

e Deduct 0.5 points if students use either “t(M) = 13.8 Gyr” or “t(M) >
13.8 Gyr”.

e The above comparisons are in the same order of magnitude. Therefore,

coefficients are not important or can be flexibly varied.

TO06. Solar Neutrinos: From Experimental Measurement to Core Temperature
Modeling (20 points)

a) (5 points)

Marking Scheme Point

~ m_ 50x107
M0 = o 18X 1077

~ 2.8 X 10° mol 0.5

Ny, 0 = ny,0 X Ny = (2.8 x 10%) x (6.022 x 10%?)

~ 1.7 x 1033 molecules 0.5
Ne = Ny,0 X 10 = (1.7 X 10°*) X 10 = 1.7 x 10°* electrons 1
N, = ®N.ont 2

N, = (5.1 x 10°) x (1.7 x 103*) x (1.0 x 10™**) x 0.445 x 86400

~ 33 events 1

b) (6 points)
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THEORY Points: 250
ool Gy AA

EXAMINATION Time: 5 hours
Marking Scheme Point
o n
Ymin = N 1

n ) 1.33
KCherenkov = ( - 1) mecC” = (— — 1) X 0.511 = 0.264 MeV 1

nz—1 V1332 -1
K 2E2 .
&M T mec? + 2E,
Ke,max = Kcherenkov 1
2E2 — 0.528E, — 0.135 = 0 1
Eymin = 0.423 MeV 1
c) (9 points)
Marking Scheme Point
R+ AR = R(T + AT) = Rye BT+AD™Y/2 1
-1/3
AR —pr-u3|(1+2T) _1]
1+—=c¢e (1+7) 1
R
] <1 + AR) = —BT~1/3 -(1 + AT)_l/g 1 1
"WUTR)T "7
AR AR
In <1 + —) ~ — 0.5
R R
(1+AT) /3 ) <1 1AT) - 1AT 05
T ~ 3T T 3T '
AR 1AT AR /1 AT 1
— ~ —BT™/3 <———> = — = (—BT—1/3)— = a=—-BT™ 3 1
3T R~ \3 T %73
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THEORY Points: 250

19“" @ AA EXAMINATION

Time: 5 hours

Note: If a student correctly determines a by taking the derivative of

R(T), give 5 points.

dR 1
- = —BT-13). (=B)-(—==|T~4/3
7 Ry exp(—BT~%/3) - (-B) ( 3)7"

B
= R(T) - §T‘4/3 (2 points)

AR dRAT—R BT‘4/3AT 1 point
~ 9T = 3 (1 point)

1
a= §BT_1/3 (1 point)

AR _AD_AN, oo
R o N, 777 2

1 1 17757
a= §BT 3 = ~ 24 1

1
3x(1.5%x107)3

AT AR1 0.02

=——=—— =z~ (. 0 1
T R « 24 e

Note: If a student bypasses the algebraic linearization proof and directly
: . A . -
substitutes the numerical constants and ?R = 0.02 into the original
: . . . AT .
unapproximated exponential ratio equation to solve for r numerically,

award 4 points provided they correctly calculate A7T ~ 0.083%.

TO07. Zenith Blind Spot (15 points)

a) (4 points)

Marking Scheme Point
sin(90 — 6) sin z _ _ _
- = —— — sinAsinz = —sin H cos § 1
sin 4 sin
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

cosAsinzd—A+(sinA cosz)%=—(cochosd)d—H 1
dt dt dt
Attransitt H=0=cosH=1; A=0=cosA=1andsin4A =0 1
dH - dA dA cos o
E=w@;smza=—w@c055=>wl4= E——w@ g 1
b) (4 points)
Marking Scheme Point
Zmin = | — 8| =121.00° — 21°08'33"| = 513" 1
wy =1.0°/s, wg = 15°/hr = 0.00417°/s. 1
Ziimit = 802" 1
Yes 1
c) (3 points)
Marking Scheme Point
L = 2/ Zjimit? — Zmin? = 24/ 8022 — 5132 = 1233" 1
Vstar = Wg €0s § = 15" /s X cos(21°08'33") = 13.99" /s 1
At = L = 12337 =88s 1
Vstar 13.99"/s
d) (4 points)
Marking Scheme Point
Sin Zjj it < cos & 1
Sin Zjj it < COS ¢ 1
Pmax ~ 0° 1
Pmin = £90° 1
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

TO08. Evolved Star Spirals (25 points)
Part 1 (10 points)

a) (2 points)

Marking Scheme Point
Aty [au] = Af[arcsec] X d[pc] = 2.29 x 1000 = 2290 1
Ar; 2290
h=—"= ~ 364 aurad™! 1
21 21
b) (4 points)
Marking Scheme Point
r(t) =r, +l,t 1
(t) = s t 1
¢(t) = rp
,V
r(t) =n, + 22¢(t) 1
Vo
n,V,
r=r,+-2=¢ 1
L
c) (2 points)
Marking Scheme Point
_ 2mr,  2mb 1
o
_ 2w X 364 776 1
~ 295 N
d) (2 points)
Marking Scheme Point
d3 = M, T? 1

Page 10 of 25



THEORY Points: 250

19"" @ AA EXAMINATION Time: 5 hours

d = 3M.T? = /6.6 X 7752 ~ 158 au 1

Part 2 (15 points):

a) (6 points)

Marking Scheme Point
: oV
x=rsm9cosq’)=7¢smecos¢) 1.5
P
. . rpr . .
y=rsm651n¢)=7¢31n951n¢ 1.5
P
,V
z=rcosf =22 ¢cosh 1.5
P
V., =V, sin 8 cos ¢ 0.5
V, =V, sinfsin ¢ 0.5
V,=V,cosf 0.5
b) (7 points)
Marking Scheme Point
Vies =V, sini — V, cosi = V;,(sin @ sin ¢ sini — cos 6 cos i) 2
sinf sin ¢ sini = cos @ cosi 1
X =x =rsinf cos ¢ 1
Y =ycosi+ zsini = r(sin sin ¢ cosi + cos 8 sini) 1
_ _ ) L 7 sin 6 sin ¢
Y =rsinfsin¢ (cosi + tanisini) = ————k 1
cos i
X? y?
: + =1 1
(r sin )2 (r sin 9)2
cos

c) (2 points)
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19“" @ AA EXAMINATION

THEORY Points: 250

Time: 5 hours

Marking Scheme Point
Axial ratio = — 1
cosi
1 o
—=11=>i~= 246 1
cosi
TO09. Gravitational Lensing and Delay (20 points)
Part 1 (15 points)
a) (2 points)
Marking Scheme Point
AL AV 0.5
z=— = :
AV = Hy,d 0.5
0.406¢
s = = 1800 Mpc 0.5
Hy
0.042c
d, = = 190 Mpc 0.5
Hy
Note: If students then calculate the angular diameter distance as
d/(1+z) they should also receive full points.
b) (3 points)
Marking Scheme Point
st == ZadLS 1
QdL = b 1
1

9 _ ZR*dLS _ ZR*(ds - dL)
S duds d; ds

Note: If students include the minus sign in their answer, deduct 0.5 points.

c) (3 points)

Page 12 of 25



THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

Marking Scheme Point
b = 2.3 kpc 1
2GM
f=— 0.5
c
R*c?* 0%d,ds c?
= =——L5_ 0.5
2G 2d;s 2G
M =1.6x10" Mg 1
d) (7 points)
Marking Scheme Point
x=b—-b+¢ 1
€
Za'dLS == (0’ + _) ds 05
dy,
2a’ = 2R 0.5
a = od, :
0’ N e 0 b’ N e b 1
o b 0% b b b
K
X =3 2
, €
X = 1
A = i
~ 24, 1
Part 2 (5 points)
a) (2 points)
Marking Scheme Point
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19“" @ AA EXAMINATION

THEORY Points: 250

Time: 5 hours

2 = 2R* 2R 0.5
a=—-= R :
2GM
R == © = 2.95km (~3 km) 0.5
2q = 22293 = 0.85 x 10~°[rad] = 1.75 [ ] 0.5
&= sex10s 0 rad] = 1.75 [arcsec :
(1.75 - 1.78 arcsec for full mark)
b) (3 points)
Marking Scheme Point
a0 2
d = —dR 1
Ro
6—deZR*dR—2R*fd61dR 0.5
- ro CR Coc ro R '
2R* d
§="—In <—®> 1
C R@
_2X 2.95l 1.496 x 10%\ 106 05
T3x105 "\ 696x105 ) |
Note: If students integrate from the solar radius Rg to any R’ < 1 au,
they will also receive full credit.

T10. The Chevallier-Polarski-Linder Parametrization for Dynamical Dark

Energy (20 points)

a) (5 points)

Marking Scheme Point
d da
PDE _ _3(1 + wpp) — 1
PDE a
dppE
= 3|1 d 1
on [1+ wpg(2)] 1+
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

PDE dp’ “3[1 + wpg(2’
.[ lz DE — f [ DE’( )] dZ’ 1
PDE,0 P DE 0 1+z
Z23[1 + wpg(2’
ln<pDE ) zf [ DE’( )] 7’ 1
PDE,0 0 I+z
#3[1 + wpg(2')]
= dz’ 1
poE(2) = ppgo exp [—fo 1+ 2/
b) (5 points)
Marking Scheme Point
d 3
Pm _ dz 1
Pm 1+2z
Pm dp’ z 3
] ,0’ = = j -dz’ 1
Pm,o0 P 0 1+z
Pm = Pmo(1+ Z)S 1
H? 8nG Z3[1 + wpg(2)]
H_g = B_HS{pm’O(l +2)% + pDE‘Oexij 1+ dz 1
Z23[1 + wpg(Z2’
E?(z) = Qpo(1 4+ 2)3 + Qpgoexp {f [ DE,( )] dz’} 1
' ' 0 1+z
Note: Students can directly write down the formula of
Pm Without derivations. The marks remain unchanged.
c) (5 points)
Marking Scheme Point
3[1 + wpg(a’
E?(a) = Qpoa™ + Qpgoexp {—f [ a]’)E( )]da’} 1
1
EZ(a) — -Qmoa_g + 'QDEO eSwa(a—l) a—3[1+(W0+Wa)] 3
_3wgz
E2(2) = Qmo(1 4 2)° + Qpgo e 142 (1 + z)3HHWotwa)l 1
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

into wpg. The marks remain unchanged.

Note: Students can directly compute E(z) by substituting a = 1/(1 + z)

d) (5 points)

Marking Scheme Point
_3wgz
Qmo(1+2)° » Qpgoe 1+2 (1 + z)31+Wotwa)] 2
Qmo(l +2)3
mo(1 +2) > 1 1
QDE 0 6_3Wa(1 + Z)3[1+(W0+Wa)]
1+2)3
( ) > 1 1
(1 + Z)3[1+(W0+Wa)]
wo+w, <0 1
T11. Physics of Jupiter’s Interior (50 points)
Part 1 (23 points):
a) (6 points)
Marking Scheme Point
dP = —p,gdr 2
4
g ==nGpyr 1
3
4
dP = —gnGpﬁrdr 1
2 2,.2
P:—gnGer + P, 1
1 [13(Py — P¢)
=— |[—————=143x10*kgm™3 1
Pz =R~ 2nG &m

b) (6 points)
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THEORY Points: 250

19“" @ AA EXAMINATION Time: 5 hours

Marking Scheme Point
A R
pu(R)) =R—]cos (E]+<p) =0 1
A R P
pu(Rc) =R_CCOS (F"“P) = |k 1
R¢ Pc
A= — 1
(e
cos R >
T R
=-——= 1
YT2TR
A =946 x 10" kgm™ 1
¢ = —1.54 rad 1
Note: If the numerical value of the amplitude factor A is fall in a range of
9.46 X 1010 to 9.53 X 1019 kg m~?, the marks remain unchanged.

c) (8 points)

Solution Point
The density profile
* For the dense core:
- Plot two critical points at (0, p;) and (R, p5). 1
- Plot a straight line passing through these points. 0.5
* For the fluid envelope:
- Plot two critical points at (R, py(R¢)) and (R}, 0). 1
- Plot at least two additional points between r =R, and r =
R, using py = écos (£+<p). 1
- Plot an appropriate smooth curve passing through these points. 0.5
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& THEORY Points: 250

19thl’\@ AA

VVVVVVV EXAMINATION Time: 5 hours

Note: It is optional to plot a straight line passing through two critical
points (Rc, pz) and (R¢, p(R¢)).

4.6

141

I
8o

-3

Density (10" #g m ")
o

e
o

o
o

/ _

\\

g
/

00 HHH \
AL, T U GRORP SRR e S G

Distance ( 40f mv )

The pressure profile
* For the dense core:

Plot two critical points at (0, P,) and (R, P,). 1
* For the fluid envelope:

- Plot one critical point at (R), 0). 0.5

- Plot at least two additional points between r = R; and r = R; using
P = Kp3. 1
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THEORY Points: 250

19“" @ AA EXAMINATION Time: 5 hours

* Graph finalization:

- Plot one more pointinarange 0 < r < R [using Eq. (4)]or R, <r <
R, [using P = Kpf] 0.5

- Plot an appropriate smooth curve passing through all the points

representing the dense core (parabola with vertex on y-axis). 0.5

- Plot an appropriate smooth curve passing through all the points

representing the fluid envelope. 0.5

g

Pressure (40" Pa. )
=

()il S $ 6 T
Distance ( 40 my )

Note: Deduct 0.5 points for each graph missing axis units.

d) (3 points)
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I ﬁ AA THEORY Points: 250
19 2\\u EXAMINATION Time: 5 hours
Marking Scheme Point
4 3 25
MZ - §7TRCpZ - 6.93 X 10 kg 2
Part 2 (27 points):
a) (6 points)
Marking Scheme Point
dV == de + dUH 2
dM dm, dmy
dV =, de = ) dUH = 1
p Pz PH
dm, = ZdM, dmy = (1 —-2Z)dM 1
1 zZ 1-Z
=" 1
p Pz PH
_ pzVP 1
N (1-2)p, VK
b) (7 points)
Marking Scheme Point
— R, — p:R
p:P1 P2r+P21 P1 2 R, <r <R, 1
Ri—R, Ri =R,
P
Py = prfPy =339 x 103 kgm™3 1
Z1\/P_1 +(1—Z)pVK
P
p, = p/Pe =1.98 x 103 kgm™3 1
ZZ\/P_Z +(1—Z)pVK
Ry
M, = f Anrépdr 1
Rq

Page 20 of 25



I ﬁ AA THEORY Points: 250
1978 Nu EXAMINATION Time: 5 hours
T
M, = g(Rz - R1)[R%(3P1 + p,) + R%(P1 + 3p,) + 2R1R,(p1 + Pz)] 2
M12 = 6.67 X 1026 kg 1
c) (14 points)
Marking Scheme Point
M1+M12+M2=M] 1
ZM; + MIS® + Z,M, = M, 3
o = Mz = M3~ 2, (M; — M,;) )
o Z, — 7,
_Zl(M]_Mlz)_Mz‘l'M{(Z)Ck 1
2 Z, — 7,
Ry
M9k = j A Zr?pdr 1
Ry
Zy— 17, ZyRy — Z1R,
/Z = R, <r<R 1
Rl_R2r+ Rl_RZ ’ 1_r_ 2
T
M3 = 2 (Ry = RO{[3Z, (4py + p2) + Z2(3p1 + 2p) IR
+[Z,(2p; + 3p;) +3Z,(p1 + 4p,)]R;
+2(3Z1p1 + 2Z3p1 + 2Z1p3 + 3Z302)R1R2} 3
M9k = 2.84 x 10%° kg 1
M, = 3.83 x 10%® kg 1
M, = 8.50 x 10%° kg 1

T12. Superluminous Galaxies in the Early Universe (50 points)
Part 1 (13 points)

a) (10 points)
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THEORY

19“" @ AA EXAMINATION

Points: 250

Time: 5 hours

Marking Scheme Point
Eem
Eops = —— 2
°bs T 1 4z
dtops = (1 + z)dtem 2
F — Lobs — L 1
°bS T 4nD2 ~ 4mD2(1 + z)?
R(1+z
p=21*? 2
Dy
Dy
D, = 1
47 142
DL == DA(]. + Z)Z 1
b) (3 points)
Marking Scheme Point
_L_
Fobs 47TDE
ZObS B 'Qobs - T[_RZ !
Dj
s L D? B D2 1
%S T R2 4mD? T "™ 4mD?
Zint
Zops = ——— 1
°bS T 4m(1 + 2)*
Part 2 (8 points)
Marking Scheme Point
Ay
Fopt,int = Fopt,obs - 1025 1
2.79
Foptint = 5.72x 107" x 1025 = 7.47 X 107"®* Wm™? 1
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THEORY Points: 250

19“" @ AA EXAMINATION

Time: 5 hours

Foor = Fopme - BC = 747 X 1078 X 9.26 = 6.92 X 10 W m™2 1
] —0'05>< n =2.424 x 1077 rad 1

rad = 3000 7180 ra
Ogps = TOZ4 = 1.846 x 10713 s1 1

b _for _ 092X107 o 0t Wm? st 1
obs_corr — Qyps - 1.846 x 10-13 - m = St

Yintst = 4 X T X 4655.0 X 3.75 x 107* = 21.94 Wm ™2 1
21.94 x 9.523 x 1038 13 _2
Zint = 3828 X 1076 = 5.46 X 10™° L kpc 1
Half credit lower limit Full credit range Half credit upper limit

5.40 x 1013 to

5.35 X 1013 L kpc 2
© P 1 550 x 103Lg kpe?

5.55 x 10" L kpc ™2

Part 3 (18 points)

a) (6 points)

Marking Scheme Point

f — O_Zint_max 2

0 = MyKdust 1

— L — KdustZint_max 1

Yrad mq c
2mR%*g, = 4MGM, o, 1
9z = 2nG Yo, 1
b) (7 points)

Marking Scheme Point

YIrad = 9z 1
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19“" @ AA EXAMINATION

THEORY Points: 250

Time: 5 hours

2nGcrior

intmax — — 1

Kdust

Z'int max
JEdd = —— 1

Edd K

2nGCclior

JEqgd = —— 1
Bdd deust
5 2.3 X 101% x 1.988 x 103° — 48.01 ke m-2 0.
tot = 9.523 x 10% - renrRem |
21 X 6.674 X 10711 x 2,998 x 108 x 48.01 5
Zint max = =4.02Wm~ 1
- 1.5
4.02Wm™2 = 1.00 x 10*3 Lo kpc™ 0.5
1.00 x 1013 1 .
Bd = o0 1000 Mg yr™ kpc 1
Half credit lower limit Full credit range Half credit upper limit
980 990 to 1010 1020
c) (5 points)
Marking Scheme Point

Zint

2SFR_ actual = % 1
5.46 x 1013 1 .
ZsPR actual = T 0 1010 5460 M yr™ kpc 1
ZSFR_actual — S 46 1
2Edd

No 2

Part 4 (11 points)

a) (4 points)
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I ﬁ AA THEORY Points: 250
198 \\u EXAMINATION Time: 5 hours
Marking Scheme Point
V2Rom
M = 2
G
M = 4.84 x 10® Mg 1
C 1
b) (7 points)
Marking Scheme Point
Lo = 2nGMc 5
Edd = e
2GMc 1 _
2gdd = —5 ~ 37500 Mg yr~ kpc 2
KoR
ZSFR_actual — 5460 —0.15 1
2Edd 37500
Yes 2
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       m   V ∞ 2 2 =   m   v  p 2 2 −   G m   M ⊙    r  p


     m p   V ∞ = m   r  p   v  p


         p 2   V ∞ 2    r  p 2 −   2 G   M ⊙    r  p −   V ∞ 2 = 0


       r  p =     p 2   V ∞ 2  G   M ⊙ +    G 2   M ⊙ 2 +   p 2   V ∞ 4


       r  p = 5 . 05 ×  10 10   m


      (     L ⊙  4 𝜋   r  p 2 ) 𝜋   R ISO 2 = 4 𝜋   R ISO 2 𝜎   T 4


     T =    (     L ⊙  16 𝜋 𝜎   r  p 2 )   1 4 = 4 . 8 ×  10 2   K


     ∆ m = 2 . 5  log 10  (     F max    F min )


         F max    F min =   a  b


       a  b =  10  ∆ m / 2 . 5 = 6 . 3


    𝛿 1   m 1 = ( R −   𝛿 1 )   m 2


    𝛿 1 ≃     m 2    m 1 R


  −   G   m 1     ( R −   𝛿 2 ) 2 +   G   m 2    𝛿 2 2 +   𝜔 2 ( R −   𝛿 1 −   𝛿 2 ) = 0


    𝛿 2 ≃    (     m 2  3   m 1 )   1 3 R


      F → Coriolis = − 2   m 3 (   𝜔 → ×   v → ) = 0


      (   F → cent )  z = −   m 3   [   𝜔 → × (   𝜔 → ×   r → ) ]  z = 0


  − G     m 3 m 1   z    𝜌 1 3   and − G     m 3 m 2   z    𝜌 2 3


     d 2 z  d   t 2 = − G   m 1   z    𝜌 1 3 − G   m 2   z    𝜌 2 3


    𝜌 1 =     ( R −   𝛿 2 ) 2 +   z 2


    𝜌 2 =    𝛿 2 2 +   z 2


     d 2 z  d   t 2 +   𝜔  z 2 z = 0   with     𝜔  z =    G   m 1     ( R −   𝛿 2 ) 3 +   G   m 2    𝛿 2 3 ≃ 2 𝜔


  T =   2 𝜋    𝜔  z ≃  1 2   T Earth = 6   months


    𝜔  z


  T = 6


   Ω 0 =    G M    r 0 3


   Φ grav  ( r , z ) = −   G M m     r 2 +   z 2


   Φ cent  ( r ) = −  1 2 m  Ω 0 2   r 2


   Φ eff  ( r , z ) = −   G M m     r 2 +   z 2 −  1 2 m  Ω 0 2   r 2


  r =   r 0  ( 1 + x ) ,     z ≈   r 0 x  tan ⁡    𝜃 0


   Φ grav  ( x ) = −   G M m    r 0    [ 1 + 2 x +   x 2  ( 1 +    tan 2 ⁡    𝜃 0 ) ]  −  1 2


   Φ grav  ( x ) ≈     − m Ω 0 2 r 0 2  [ 1 − x +   x 2  ( 1 −      tan 2 ⁡    𝜃 0 2 ) ]


   Φ cent  ( x ) =   − m Ω 0 2   r 0 2  (  1 2 + x +  1 2   x 2 )


   Φ eff  ( x ) =     − m Ω 0 2 r 0 2  [  3 2 +   x 2  (  3 2 −      tan 2 ⁡    𝜃 0 2 ) ]


    𝜃 0 <  60 0


    𝜃 0 <  60 0


    F cent >   F grav


    F cent


    F grav


  Δ   L w = ∆   M w  Ω 0   r A 2


  Δ   L acc = ∆   M acc  Ω 0   r 0 2


    Δ L w =   Δ L acc


  ∆ m = 0 . 75


  0 . 65 ≤ ∆ m < 0 . 70


  0 . 70 ≤ ∆ m ≤ 0 . 80


  0 . 80 < ∆ m ≤ 0 . 85


    k 1 =   F    F 0 =  10  −   ∆ m  2 . 5


    k 1 = 0 . 50


  F = 0 . 20   F 0 + 0 . 80   F clump


    k 2 =     F clump    F 0 = 0 . 38


    F clump =   F 0   e  − 𝜏


  𝜏 = 0 . 97


  𝜏 = 𝜌 𝜅 ∆ z


  V = 0 . 80 𝜋   R 2 Δ z


    M dust = 0 . 80 𝜋   R 2   𝜏  𝜅


    M dust = 5 . 9 ×  10  − 10    M ⊙


    M eject = 1 . 2 ×  10  − 7    M ⊙


    𝜌 PBH =   M   4 3 𝜋   r S 3


    r S =   2 G M    c 2


    𝜌 PBH =   3   c 6    32 𝜋 G 3   M 2


    𝜌 c ~   𝜌 PBH


  M ~     c 3 t  6 G


  ≈


  ≤


   3 / 32 𝜋


  𝜏  ( M ) ≥ 13 . 8    ( Gyr )


  M ≥ 1 . 1 ×  10  − 19 ×   M ⊙


      c 3 t  6 G ≳ 1 . 1 ×  10  − 19 ×   M ⊙


  t ≳ 3 . 3 ×  10  − 24    ( s )


  𝜏  ( M ) = 13 . 8


  𝜏  ( M ) > 13 . 8


    n   H 2 O =   m    M   H 2 O =   5 . 0 ×  10 7  18 ×  10  − 3 ≈ 2 . 8 ×  10 9  mol


    N   H 2 O =   n   H 2 O ×   N A =  ( 2 . 8 ×  10 9 ) × ( 6 . 022 ×  10 23 ) ≈ 1 . 7 ×  10 33  molecules


    N e =   N   H 2 O × 10 =  ( 1 . 7 ×  10 33 ) × 10 = 1 . 7 ×  10 34  electrons


    N ν = 𝛷   N e 𝜎 𝜂 t


    N ν =  ( 5 . 1 ×  10 6 ) ×  ( 1 . 7 ×  10 34 ) ×  (   1 . 0 × 10  − 44 ) × 0 . 445 × 86400 ≈ 33  events


    𝛾  min =   n     n 2 − 1


    K  Cherenkov =  (   n     n 2 − 1 − 1 )   m e   c 2 =  (   1 . 33     1 . 33 2 − 1 − 1 ) × 0 . 511 = 0 . 264  MeV


    K  e , max =   2   E ν 2    m e   c 2 + 2   E ν


    K  e , max =   K Cherenkov


  2   E ν 2 − 0 . 528   E ν − 0 . 135 = 0


    E  ν , min ≈ 0 . 423  MeV


  R + Δ R = R  ( T + Δ T ) =   R 0   e  − B    ( T + Δ T )  − 1 / 3


  1 +   Δ R  R =   e  − B   T  − 1 / 3  [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ]


   ln ⁡   ( 1 +   Δ R  R ) = − B   T  − 1 / 3  [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ]


   ln ⁡   ( 1 +   Δ R  R )   ≈     Δ R  R


   [    ( 1 +   Δ T  T )  − 1 / 3 − 1 ] ≈  ( 1 −  1 3   Δ T  T ) − 1 = −  1 3   Δ T  T


    Δ R  R ≈ − B   T  − 1 / 3  ( −  1 3   Δ T  T ) ⟹   Δ R  R ≈  (  1 3 B   T  − 1 / 3 )   Δ T  T ⟹ 𝛼 =  1 3 B   T  − 1 / 3


  𝛼


  R ( T )


    d R  d T =   R 0  exp ⁡   ( − B   T  − 1 / 3 ) ⋅  ( − B ) ⋅  ( −  1 3 )   T  − 4 / 3 = R  ( T ) ⋅   B 3   T  − 4 / 3   ( 2   points )


  Δ R ≈   d R  d T   Δ T = R ⋅   B 3   T  − 4 / 3   Δ T   ( 1   point )


  Δ R ≈   d R  d T   Δ T = R ⋅   B 3   T  − 4 / 3   Δ T   ( 1   point )


    Δ R  R ≈   B 3   T  − 4 / 3   Δ T =   B  3   T  1 / 3 ⋅   Δ T  T   ( 1   point )


    Δ R  R ≈   B 3   T  − 4 / 3   Δ T =   B  3   T  1 / 3 ⋅   Δ T  T   ( 1   point )


  𝛼 =  1 3 B   T  − 1 / 3   ( 1   point )


  𝛼 =  1 3 B   T  − 1 / 3   ( 1   point )


    Δ R  R =   Δ 𝛷  𝛷 =   Δ   N ν    N ν = 2 % = 0 . 02


  𝛼 =  1 3 B   T  −  1 3 =  17757  3 ×    ( 1 . 5 ×  10 7 )   1 3 ≈ 24


    Δ T  T =   Δ R  R  1  𝛼 =   0 . 02 24 ≈ 0 . 083 %


    Δ R  R = 0 . 02


    Δ T  T


    Δ T  T ≈ 0 . 083 %


     sin ⁡  ( 90 − 𝛿 ) ⁡   sin ⁡  A = −    sin ⁡  z   sin ⁡  H ⟹  sin ⁡  A  sin ⁡  z = −  sin ⁡  H  cos ⁡  𝛿


   cos ⁡  A  sin ⁡  z   d A  d t +  (  sin ⁡  A  cos ⁡  z )   d z  d t = −  (  cos ⁡  H  cos ⁡  𝛿 )   d H  d t


  H = 0 ⟹  cos ⁡  H = 1 ;   A = 0 ⟹  cos ⁡  A = 1   and  sin ⁡  A = 0


    d H  d t =    𝜔 ⊕ ;  sin ⁡  z   d A  d t =    − 𝜔 ⊕  cos ⁡  𝛿 ⟹   𝜔  A =     d A  d t  =    − 𝜔 ⊕    cos ⁡  𝛿   sin ⁡  z


    z min  =   | 𝜙 − 𝛿 |  =   | 21 . 00 ° − 21 ° 08 ′ 33 ″ | = 513 ″


    𝜔  A  =  1 . 0  ° s


    𝜔 ⊕ ​   =  15 ° / hr   =   0 . 00417 ° / s


    z limit


  ≈


  L = 2      z limit 2 −     z min 2 = 2   802 2 −  513 2 = 1233 ′ ′


    v star =   𝜔 ⊕  cos ⁡  𝛿 =  15  ′ ′ / s ×  cos ⁡   ( 21 ° 08 ′ 33 ″ ) =   13 . 99  ′ ′ / s


  Δ t =   L    v star =   1233 ′ ′    13 . 99  ′ ′ / s = 88   s


   sin ⁡    z limit ∝  cos ⁡  𝛿


   sin ⁡    z limit ∝  cos ⁡  𝜙


    𝜙 max   ~   0 °


    𝜙 min = ± 90 °


  ∆   r arm  [ au ] = ∆ 𝜃  [ arcsec ] × d  [ pc ] = 2 . 29 × 1000 = 2290


  b =   ∆   r arm  2 𝜋 =  2290  2 𝜋 ≈ 364   au    rad  − 1


  r  ( t ) =   r  p +   V  w t


  𝜙  ( t ) =     V  p    r  p t


  r  ( t ) =   r  p +       r  p V  w    V  p 𝜙  ( t )


  r =   r  p +       r  p V  w    V  p 𝜙


  T =   2 𝜋   r  p    V  p =   2 𝜋 b    V  w


  T =   2 𝜋 × 364  2 . 95 ≈ 775   yr


    d 3 =   M tot   T 2


  d =     M tot   T 2 3 =   6 . 6 ×  775 2 3 ≈ 158   au


  x = r  sin ⁡  𝜃  cos ⁡  𝜙 =       r  p V  w    V  p 𝜙  sin ⁡  𝜃  cos ⁡  𝜙


  y = r  sin ⁡  𝜃  sin ⁡  𝜙 =       r  p V  w    V  p 𝜙  sin ⁡  𝜃  sin ⁡  𝜙


  z = r  cos ⁡  𝜃 =       r  p V  w    V  p 𝜙  cos ⁡  𝜃


    V  x =   V  w  sin ⁡  𝜃  cos ⁡  𝜙


    V  y =   V  w  sin ⁡  𝜃  sin ⁡  𝜙


    V  z =   V  w  cos ⁡  𝜃


    V los =   V  y  sin ⁡  i −   V  z  cos ⁡  i =   V  w  (  sin ⁡  𝜃  sin ⁡  𝜙  sin ⁡  i −  cos ⁡  𝜃  cos ⁡  i )


   sin ⁡  𝜃  sin ⁡  𝜙  sin ⁡  i =  cos ⁡  𝜃  cos ⁡  i


  X = x = r  sin ⁡  𝜃  cos ⁡  𝜙


  Y = y  cos ⁡  i + z  sin ⁡  i = r  (  sin ⁡  𝜃  sin ⁡  𝜙  cos ⁡  i +  cos ⁡  𝜃  sin ⁡  i )


  Y = r  sin ⁡  𝜃  sin ⁡  𝜙  (  cos ⁡  i +  tan ⁡  i  sin ⁡  i ) =   r  sin ⁡  𝜃  sin ⁡  𝜙   cos ⁡  i


      X 2     ( r  sin ⁡  𝜃 ) 2 +     Y 2     (   r  sin ⁡  𝜃   cos ⁡  i ) 2 = 1


  Axial   ratio =  1   cos ⁡  i


   1   cos ⁡  i = 1 . 1 ⇒ i ≈   24 . 6 °


  z =   ∆ 𝜆  𝜆 ≃   ∆ V  c


  ∆ V =   H 0 d


    d  S =   0 . 406 c      H 0 = 1800   Mpc


    d  L =   0 . 042 c      H 0 = 190   Mpc


  𝜃   d  S = 2 𝛼   d  L S


  𝜃   d  L = b


  𝜃 =    2   R ∗   d  L S    d  L   d  S =    2   R ∗ (   d  S −   d  L )    d  L   d  S


  b = 2 . 3


    R ∗ =   2 G M    c 2


  M =     R ∗   c 2  2 G =     𝜃 2   d  L   d  S  2   d  L S     c 2  2 G


  M = 1 . 6 ×  10 11


   M ⊙


     x = b ’ − b + 𝜀


     2 𝛼 ’   d  L S =  ( 𝜃 ’ +   𝜀    d  L )   d  S


     2 𝛼 ’ =   2   R ∗  𝜃 ’   d  L


       𝜃 ’  𝜃 +   𝜀  b =   𝜃  𝜃 ’   or     b ’  b +   𝜀  b =   b  b ’  


     x =   𝜀 2


     x ’ =   𝜀 2


     Δ 𝜃 =   𝜀  2   d  L


  b =   R ⊙


  2 𝛼 =   2   R ∗  b =   2   R ∗    R ⊙


    R ∗ =   2 G   M ⊙    c 2 = 2 . 95   km    ( ~ 3   km )


  2 𝛼 =   2 × 2 . 95  6 . 96 ×  10 5 = 0 . 85 ×  10  − 5  [ rad ] = 1 . 75    [ arcsec ]


  𝛿 =   ∫    R ⊙    d ⊙    2 𝛼  c d R


  𝛿 =   ∫    R ⊙    d ⊙    2   R ∗  c R d R =   2   R ∗  c   ∫    R ⊙    d ⊙   1  R d R


  𝛿 =   2   R ∗  c ln  (     d ⊙    R ⊙ )


  𝛿 =   2 × 2 . 95  3 ×  10 5   ln  (   1 . 496 ×  10 8  6 . 96 ×  10 5 ) = 106   μ s


    R ⊙  


      d 𝜌 DE    𝜌 DE = − 3  ( 1 +   w DE )   d a  a


      d 𝜌 DE    𝜌 DE = 3  [ 1 +   w DE ( z ) ]  1  1 + z d z


    ∫    𝜌  DE , 0    𝜌 DE      d   𝜌 ′ DE      𝜌 ′ DE =   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′


  ln  (     𝜌 DE    𝜌  DE , 0 ) =   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′


    𝜌 DE  ( z ) =   𝜌  DE , 0  exp ⁡   [   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ ]


      d 𝜌 m    𝜌 m =  3  1 + z d z


    ∫    𝜌  m , 0    𝜌 m      d   𝜌 ′ m      𝜌 ′ m =   ∫ 0  z   3  1 +   z ′ d   z ′


    𝜌 m =   𝜌  m , 0   ( 1 + z ) 3


      H 2    H 0 2 =   8 𝜋 G  3   H 0 2  {   𝜌  m , 0   ( 1 + z ) 3 +   𝜌  DE , 0 exp   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ }


    E 2  ( z ) =  Ω  m , 0   ( 1 + z ) 3 +  Ω  DE , 0 exp  {   ∫ 0  z    3  [ 1 +   w DE  (   z ′ ) ]  1 +   z ′ d   z ′ }


    𝜌 m


    E 2  ( a ) =  Ω  m , 0   a  − 3 +  Ω  DE , 0 exp  { −   ∫ 1  a    3  [ 1 +   w DE  (   a ′ )   ]    a ′ d   a ′ }


    E 2  ( a ) =  Ω  m , 0   a  − 3 +  Ω  DE , 0     e  3   w  a  ( a − 1 ) ⁡    a  − 3  [ 1 +   ( w 0 +   w  a ) ]


    E 2  ( z ) =  Ω  m , 0   ( 1 + z ) 3 +  Ω  DE , 0     e  −   3   w  a z  1 + z ⁡    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ]


  E ( z )


  a = 1 / ( 1 + z )


    w DE


   Ω  m , 0   ( 1 + z ) 3 ≫  Ω  DE , 0     e  −   3   w  a z  1 + z ⁡     ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ]


     Ω  m , 0   ( 1 + z ) 3   Ω  DE , 0     e  − 3   w  a ⁡    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ] ≫ 1


      ( 1 + z ) 3    ( 1 + z )  3  [ 1 +   ( w 0 +   w  a ) ] ≫ 1


    w 0 +   w  a < 0


     d P = −   𝜌  Z g d r


     g =  4 3 𝜋 G   𝜌  Z r


     d P = −  4 3 𝜋 G   𝜌  Z 2 r d r


     P = −  2 3 𝜋 G   𝜌  Z 2   r 2 +   P  O


       𝜌  Z =  1    R  C    3  (   P  O −   P  C )  2 𝜋 G = 1 . 43 ×  10 4   kg    m  − 3


       𝜌  H  (   R  J ) =   A    R  J cos  (     R  J  R + 𝜑 ) = 0


       𝜌  H  (   R  C ) =   A    R  C cos  (     R  C  R + 𝜑 ) =      P  C  K


     A =     R  C  cos  (     R  C −   R  J  R +   𝜋 2 )      P  C  K


     𝜑 =   𝜋 2 −     R  J  R


     A = 9 . 46 ×  10 10   kg    m  − 2


     𝜑 = − 1 . 54   rad


  ×


  ×


  ( 0 ,   𝜌  Z )


   (   R  C ,   𝜌  Z ) .


  (   R  C ,   𝜌  H  (   R  C ) )


  (   R  J , 0 )


  r =   R  C


  r =   R  J   using     𝜌  H =   A  r cos  (   r  R + 𝜑 )


   (   R  C ,   𝜌  Z )


  (   R  C ,   𝜌  H  (   R  C ) ) .


  ( 0 ,   P  O )


   (   R  C ,   P  C ) .


  (   R  J , 0 ) .


  r =   R  C


  r =   R  J


  P = K   𝜌  H 2 .


  0 ≤ r ≤   R  C


    R  C ≤ r ≤   R  J


  P = K   𝜌  H 2


       M  Z =  4 3 𝜋   R  C 3   𝜌  Z = 6 . 93 ×  10 25   kg


       M  H =   M  J −   M  Z = 1 . 83 ×  10 27   kg


     d V =   d v  Z +   d v  H


     d V =   d M  𝜌 ,     d   v  Z =   d   m  Z    𝜌  Z ,       d v  H =   d   m  H    𝜌  H


     d   m  Z = Z d M ,       d m  H =  ( 1 − Z ) d M


      1  𝜌 =   Z    𝜌  Z +   1 − Z    𝜌  H


     𝜌 =     𝜌  Z  P  Z  P +  ( 1 − Z )   𝜌  Z  K


     𝜌 =     𝜌 1 −   𝜌 2    R 1 −   R 2 r +     𝜌 2   R 1 −   𝜌 1   R 2    R 1 −   R 2 ,       R 1 ≤ r ≤   R 2    


    𝜌 1 =     𝜌  Z    P 1    Z 1    P 1 +  ( 1 −   Z 1 )   𝜌  Z  K = 3 . 39 ×  10 3   kg    m  − 3


       𝜌 2 =     𝜌  Z    P 2    Z 2    P 2 +  ( 1 −   Z 2 )   𝜌  Z  K = 1 . 98 ×  10 3   kg    m  − 3


       M 12 =   ∫    R 1    R 2  4 𝜋   r 2 𝜌 d r


    M 12 =   𝜋 3  (   R 2 −   R 1 )  [   R 1 2  ( 3   𝜌 1 +   𝜌 2 ) +   R 2 2  (   𝜌 1 +   3 𝜌 2 ) + 2   R 1   R 2  (   𝜌 1 +   𝜌 2 ) ]


       M 12 = 6 . 67 ×  10 26   kg


       M 1 +   M 12 +   M 2 =   M  J


       Z 1   M 1 +   M 12 rock +   Z 2   M 2 =   M  Z


    M 1 =     M  Z −   M 12 rock −   Z 2  (   M  J −   M 12 )    Z 1 −   Z 2


       M 2 =     Z 1  (   M  J −   M 12 ) −   M  Z +   M 12 rock    Z 1 −   Z 2


       M 12 rock =   ∫    R 1    R 2  4 𝜋   Z r 2 𝜌 d r


     Z =     Z 1 −   Z 2    R 1 −   R 2 r +     Z 2   R 1 −   Z 1   R 2    R 1 −   R 2 ,       R 1 ≤ r ≤   R 2


    M 12 rock =   𝜋 15  (   R 2 −   R 1 ) {  [ 3   Z 1  ( 4   𝜌 1 +   𝜌 2 ) +   Z 2  ( 3   𝜌 1 + 2   𝜌 2 ) ]   R 1 2


                                                                                      +  [   Z 1  ( 2   𝜌 1 + 3   𝜌 2 ) + 3   Z 2  (   𝜌 1 + 4   𝜌 2 ) ]   R 2 2


                                                                                      +  [   Z 1  ( 2   𝜌 1 + 3   𝜌 2 ) + 3   Z 2  (   𝜌 1 + 4   𝜌 2 ) ]   R 2 2


                                                                                                            + 2  ( 3   Z 1   𝜌 1 + 2   Z 2   𝜌 1 +   2 Z 1   𝜌 2 + 3   Z 2   𝜌 2 )   R 1   R 2 }


                                                                                                            + 2  ( 3   Z 1   𝜌 1 + 2   Z 2   𝜌 1 +   2 Z 1   𝜌 2 + 3   Z 2   𝜌 2 )   R 1   R 2 }


       M 12 rock = 2 . 84 ×  10 25   kg


    M 1 = 3 . 83 ×  10 26   kg


       M 2 = 8 . 50 ×  10 26   kg


    E obs =     E em  1 + z


    d t obs = ( 1 + z ) d   t em


    F obs =     L obs  4 𝜋   D  M 2 =   L  4 𝜋   D  M 2    ( 1 + z ) 2


    D  L =   D  M  ( 1 + z )


  𝜃 =   R  ( 1 + z )    D  M


    D  A =     D  M  1 + z


    D  L =   D  A    ( 1 + z ) 2


    D  L =   D  A    ( 1 + z ) 2


    𝛴 obs =     F obs    𝛺 obs =     L  4 𝜋   D  L 2    𝜋   R 2    D  A 2


    𝛴 obs =   L  𝜋   R 2 ∙     D  A 2  4 𝜋   D  L 2 =   𝛴 int ∙     D  A 2  4 𝜋   D  L 2


    𝛴 obs =     𝛴 int  4 𝜋    ( 1 + z ) 4


    F  opt ,   int =   F  opt , obs ∙  10      A  V  2 . 5


    F  opt ,     int = 5 . 72 ×  10  − 19 ×  10    2 . 79  2 . 5 = 7 . 47 ×  10  − 18   W    m  − 2


    F bol =   F  opt , int ∙ B C = 7 . 47 ×  10  − 18 × 9 . 26 = 6 . 92 ×  10  − 17   W    m  − 2


    𝜃 rad =   0 . 05 3600 ×   𝜋 180 = 2 . 424 ×  10  − 7   rad


    𝛺 obs = 𝜋   𝜃 rad 2 = 1 . 846 ×  10  − 13   sr


    𝛴  obs _ corr =     F bol    𝛺 obs =   6 . 92 ×  10  − 17  1 . 846 ×  10  − 13 = 3 . 75 ×  10  − 4   W    m  − 2    sr  − 1


    𝛴  int _ SI = 4 × 𝜋 × 4655 . 0 × 3 . 75 ×  10  − 4 = 21 . 94   W    m  − 2


    𝛴 int =   21 . 94 × 9 . 523 ×  10 38  3 . 828 ×  10 26 = 5 . 46 ×  10 13    L ⊙    kpc  − 2


  5 . 35 ×  10 13    L ⊙    kpc  − 2


  5 . 40 ×  10 13  


  5 . 50 ×  10 13  L ⊙    kpc  − 2


  5 . 55 ×  10 13  L ⊙    kpc  − 2


  f = 𝜎     𝛴  int _ max  c


  𝜎 =   m d   𝜅 dust


    g rad =   f    m d =       𝜅 dust   𝛴  int _ max  c


    2 𝜋   R 2 g  z =   4 𝜋 G M tot


    g  z = 2 𝜋 G   𝛴 tot


    g rad =   g  z


    𝛴  int _ max =   2 𝜋 G c   𝛴 tot    𝜅 dust


    𝛴 Edd =     𝛴  int _ max  k


    𝛴 Edd =   2 𝜋 G c   𝛴 tot  k   𝜅 dust


    𝛴 tot =   2 . 3 ×  10 10 × 1 . 988 ×  10 30  9 . 523 ×  10 38 = 48 . 01   kg    m  − 2


    𝛴  int _ max =   2 𝜋 × 6 . 674 ×  10  − 11 × 2 . 998 ×  10 8 × 48 . 01  1 . 5 = 4 . 02   W    m  − 2


  4 . 02   W    m  − 2 = 1 . 00 ×  10 13    L ⊙    kpc  − 2


    𝛴 Edd =   1 . 00 ×  10 13   10 10 = 1000    M ⊙    yr  − 1    kpc  − 2


    𝛴  SFR _ actual =     𝛴 int  k


    𝛴  SFR _ actual =   5 . 46 ×  10 13    1 . 0 × 10 10 = 5460    M ⊙    yr  − 1    kpc  − 2  


      𝛴  SFR _ actual    𝛴 Edd = 5 . 46


  M =     v 2   R em  G


  M = 4 . 84 ×  10 8    M ⊙


    L Edd =   2 𝜋 G M c    𝜅 e


    𝛴 Edd =   2 G M c    𝜅 e   R 2 ≈ 37500    M ⊙    yr  − 1    kpc  − 2


      𝛴  SFR _ actual    𝛴 Edd =  5460 37500 = 0 . 15

